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Double extensions of symplectic Lie algebras

All vector space considered are finite dimensional over a commutative field K of
characteristic zero if not said otherwise.

Définition
Let g be a vecor space and [.,.]: g x g — g a bilinear map. (g,[., .]) is called a Lie
algebra if:

Q [z,y] = —[y, =] (which equivalent to [z,z] = 0), Vz,y € g (skew-symmetry);

Q [z, [y,2]] + [z, [y, 2]] + [, [y,2]] =0, Va,y,2 € g (Jacobi identity).

Examples. If Let (A4, .) be an associative algebra. The underlying vector space .4 with
the new products:

[I7y} =Ty Yz, V$7y€v47

is a Lie algebra. We denote A~ this Lie algebra.

If V is a vector space, we consider (End(V'), o) the associative algebra of the
endomorphism of V' (where o is the composition of maps). The Lie algebra
((End(V))~ is denoted by gi(V).

If n € N*, we denote by gl(n) the Lie algebra (M, (K))~ of tha associtive algebra
((M,(K), .) of matrices n x n (with coefficients in K), where ”.” is the multiplication of
matrices.
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Notation.
Let (g,[., .]) be a Lie algebra and V, W two sub-vector spaces of g.
We denote by [V, W] the sub-vector space of g spanned by {[v,w], v € V,w € W}.

Définition
Let (g,[., .]) be a Lie algebra and S a non-empty subset of S.

@ Sis called anideal of g if [g, 5] C S.

@ S is called a Lie subalgebra of g if [S, 5] C S.

© The derived series of g is defined by:

gV =g, g" =g, g")], vn e N,
Foralln € N, g™ is an ideal of g and g**% C g(™.
© The lower central series or descending central series of g is defined by:
g =9, ¢"" :==[g",0"], VneN".

For all n € N*, g™ is an ideal of g and g"*' C g".
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Définition A Lie algebra g is called solvable (resp. nilpotent) if there exists n € N (resp.
n € N* ) such that g™ = {0} (resp. g" = {0}).
Définition
Let (g,[.,.]) and (¢, [.,.]")be two Lie algebra and f : g — ¢’ a linear map.
f is called a morphism of Lie algebras if f([z,y]) = [f(z), f(v)]’, Vx,y € g. If,in
addition, f is invertible, f is called an isomorphism of Lie algebras.
Définition
Let (g,[.,.]) be a Lie algebra and f an endomorphism of underlying vector space of g.
@ ¢ :=[g,g] is called the derived ideal of g.
Q i(g):={ze€g/[zy] =0,Vy € g}is an ideal of g called the center of g.
© [ is called a morphism of Lie algebras (or an endomorphism of the Lie algebra g if

f(['%y}) = [f(x)vf(y)L Vz,y€g.

© fis called a derivation of g if

[z y) = [f (@), y] + [z, f(W)], Vz,y € 9.
It is easy to verify that if f and h are two derivations of g, then [f,h] := foh —ho fis
still a derivation of g.
If we denote by Der(g) the set of all derivations of g, then (Der(g), [, ]) is a Lie algebra.
called the derivation algebra of the Lie algebra g.
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Définition

Let (g,[.,.]) be a Lie algebra, V is vector space and 7 : g — gl(V).

m is called a representation of g on V' if « is a morphism of Lie algebras (or V' is a

g-module), i.e. 7([z,y]) = w(x)7(y) — 7(y)7(x), Va,y € g.

We denote 7 (z)(v) =: z.v, forallz e gand v € V.

7 is called trivial (or the g—module V is trivial) if 7(z) = 0, Vz € g.

Définition

Let (g,[.,.]) be a Lie algebra. Let w : g x g — K a skew-symmetric bilinear form of g.
@ w is called a scalar 2—cocycle of g if

w(w, [y, 2]) + w(y, [z, 2]) + w(z, [z,9]) =0, Vaz,y,2z€0.

© w is called a scalar 2-coboundary of g if there exists f a linera form of g such that

w(ajvy) =f([$,yD, Vr,y € g.
Denote as usual by Z2(g, K) the vector space of the scalar 2—cocycles of g and by
B?(g,K) the vector space of the scalar 2—coboundaries of g. We define the scalar
second cohomology space of g as the quotient vector space
HQ(QvK) = ZQ(gvK)/BQ(gvK)'
Same definitions if we repalce K a trivial g—module (we change scalar by with
values in V).
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Définition

Let (g,[.,.]) be a Lie algebra. If there exists a non-degenerate w € Z*(g, K), we will
said that (g,w) is a symplectic Lie algebra and w is a symplectic structure on Lie
algebra g.In this case the dimension of g is even.

Example. Consider the 2—dimensional Lie algebra g := span{a, b} where the product
is defined by [a, b] = b. The skew-bilinear form w on g defined by w(a,b) =1is a
symplectic structure on g.

Some extensions.

1. Direct product of Lie algebras.

Let (g,[.,.]) and (¢/,[.,.]") be two Lie algebras. The direct product of this two Lie
algebras is the vector space g x g’ with the Lie algebra structure defined by the product

{e 4+ y+y'} =yl +[2,y], Vo,yeg Ve y eg.
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2. Central extensions of Lie algebras.
Let (g,[.,.]q) be a Lie algebra, V" a vector space and w : g x g — V a bilinear map. On
the vector space g x V, we consider the following product

[(z,0), (g, w)] = [z, ylg + w(z, ), V(z,0),(y,w) €gx V.

(g x V,[.,.]) is a Lie algebra if and only if w is a 2—cocycle of g with values in V (V' is
considered as a trivial g—module).

3. Semi-direct product of Lie algebras.

Let (g1,[.,.]1) and (g2, [-,-]2) two Lie algebras. Let 7 : g1 — Der(gz2) a representation
of Lie algebras.

The vector space g1 x g2 with the following product is a Lie algebra

(1, 22), (Y1, y2)] := ([21,91]1, [w2, y2]2 + 7 (1) (y2) — 7(y1)(22)),

Y (x1,22), (Y1,92) € g1 X g2
This Lie algebra is called the semi-direct product of g. by g1 by means of 7 and it
is denoted g1 X go.
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Examples.
1. Heisenberg Lie algebra of dimension 3: Hs := span{z, y, z} with th eparoduct
defined by:

[z,y] = 2

This Lie algebra is the central extension of the abelian Lie algebra g := x,y by means of
the 2—cocycle w : g x g — Kz defined by w(z,y) = 2.
2. Now we consider de derivation D of Hs defined by

D(z) =y, D(y) =—=z, D(z) =0.

Let us consider the one-dimensional Lie algebra Kd and the representation of Lie
algebra 7 : K — Der(H3) defined by 7(d) := D. The semi-product of Kd by Hs by
means of 7 is called the oscillator Lie algebra of dimension 4. The product on this
algebra O, := H3 x Kd is defined by:

d,z] =y, [dy]=—x, [z,y] ==z
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Construction of symplectic Lie algebras.
Let us consider (A, .) be a commutative associative algebra (example: A := R", where
n € N*). The vector space A ® A with the product

[(a,b), (a',b")] := (0,a.b" — a’.b), Va,b,a’, b € A,

is the Lie algebra called affine algebra associted to commutative associative algebra
denoted aff(A).

If A admits the symmetric nondegenerate associative bilinear form B (Recall that B is
associative if B(a.b,c) = B(a,b.c), Va,b,c € A), then the following bilinear form w is a
symplectic structure on aff(A):

w((a,b),(a’,b") := B(a,b") — B(a',b), Va,b,a’,b’ € A,
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Now let us consider a commutative associative algebra (S, .). The vector space
A := S @& 5™ with the product defined by
(a+ f)o(b+h):=ab+ foM,+hoM,V(a,f),(bh) €S xS*,
where M, : S — S defined by M, (y) := z.y,Vz,y € S,
is a commutative associative algebra. In addition, the bilinear form B of S & S* defined
by
B(a+ f,b+h) := f(b) + h(a),¥(a, f), (b;h) € S x 57,

is symmetric, nondegenerate and associative.
Consequently, aff(S & S*) is a symplectic Lie algebra. The Lie structure is defined by

[(a+f,0+h), (@' + f', " +1)] := (0, (a.b" —a".b) + (fo My +h o Ma — f'o My — ho M),
V(a+f),(b+h), (@ + f), ¥ +h) €SS
The symplectic structure on aff(S & S™) is defined by

w((a + f? b+ h): (a/ + fl7 b, + hl)) = (hl(a’) - fl(b)) + (f(b/) - h(a,))7
Y(a+f),(b+h),(a"+f) O +h)eSas"
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Left-symmetric algebra structure on the underlying vector space of a symplectic
Lie algebra.

Let (g,[.,.]w) a symplectic Lie algebras.

Let =,y € g. We consider the linear form ¢, , : g — K defined by:

Yz,y(2) := w([z, 2],y), Vz € g. The fact that w is non-degenerate implies that there
exists an unique element of g ,denoted a(z, y), such that

Yz,y(2) = w(a(z,y), 2),Vz € g. Consequently, a : g x g — g is a bilinear map such that

w(a(z,y),z) = —w(y, [z, 2]), Vz,y,2z € g.

Letz,y,z,t € g,
w(‘g7 [yv Z]) + w(yv [z,x]) + w(z7 [1‘, y]) =0 <= w([xv y] - a(x, y) - a(y7 LU), Z) =0
an
0=wt, [z, [y, t]l + [y, [2, 2] + [z, [z, 9]]) =
w(a(a(z, y) t) —a(a(y, x),t) — a(z,a(y, t) + a(y, a(z, t), ).
Therefore, forall z,y € g :

o [CL‘, y] = a(iL',y) - a(y7 $);

9 a(a(ajvy)7t) - a(xva(ya ) = (Z( (yv )7 ) - a(y, (T t))
We conclude that the product “a” defines on the underlying vector space on g a
structure of Left-symmetric algeabra where the associated Lie algebra is the Lie
algebra of the start.
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Définition Let (A, .) be a non-associative algebra. The associator is the trilinear map
Asso: A x A x A— A defined by

Asso(xvy', Z) = (ny)Z - .CL'(yZ)/ Vw,y,z € A
@ The algebra (A, .) is called an associative algebra if the associator is identically
zero.

@ The algebra (A, .) is called a left-symmetric algebra (resp. right-symmetric
algebra) if
Asso(z,y, z) = Asso(y, z,z2), Vz,y,z € A.

(resp. Asso(z,y,z) = Asso(z, z,y), Vz,y,z € A).

Définition Let (A, .) be a left-symmetric algebra. Then the underlying vector space of
A with the new product:
[I"y} =Ty - yx, vx,y € A7

is a Lie algebra, denoted A~ (i.e. a left-symmetric algebra is Lie-admissible).
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Proposition.

Let (4,.) be a left symmetric algebra <— L : A~ — gl(A) defined by:

L(a) := Lo, Va € A, is a representation of the Lie algebra A~ . This representation
define a structure of A~ module on the underlying vector space of A.

Where L(a)(b) := a.b, Va,b € A. (L, is called the left-multiplication by a in A.)

Recall that if 7 : g — gl(V) is a representation of a Lie algebra g in the vector space V.
The dual representation 7* : g — gl(V™) of 7 is defined by:

(@ (@) () = —f(=(2)(y)), Ya,ye<o.
Construction symplectic Lie algebras from left-symmetric algebras.
Let (A, .) be a left symmetric algebra.
Consider g := A~ x .+~ A* the semi-direct product of the abelian Lie algebra A* by A~
by means of L*.
The product of this Lie algebra is defined by:

[+ f,y+hl=(xy—yax)—hoLy+ foL,, V(z+f,y+h) €AxA".

A symplectic Lie algebra structure w on g is defined by
w(z+ fiy+h) =hx) - f(y), Y(@+fy+h) €AxA"
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How concretely to construct examples of symplectic Lie algebras from this
construction?

We start with this proposition which gives us left symmetric structures on Lie algebras
which have invertible derivations. Note that according to a theorem of N. Jacobson
from the 1950s, any Lie algebra which has at least one invertible derivation is
necessarily a nilpotent Lie algebra.

Proposition.

Let (g, [, ]) be a Lie algebra with an invertible deivation D.

Then the vector space g with the following multiplication "x” is a left symmetric algebra:

TRy = [Dil(z),y], YV x,y € g.
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Let us consider a vector space A of dimension n with a basis {e1,...,e,}. On this
vector space, we consider the bilinear formo : A x A — A defined by

e;oej=eirjifi+j<n or0ifi+j>n.
(A, o) is a nilpotent associative commutative algebra isomorphic to XK[X]/ X" K[X].
It is clear that the endomorphism ¢ of A defined by: d(e;) :=ie;, Vi€ {1,...,n}isan
invertible derivation of (A, o). Now if (g, [, |4) is a Lie algebra, then the vector space
g ® A with the product (bilinear map) defind by :

[z®a,y®b =[z,ylg® (aob), Va,y € g,a,b € A,
is a nilpotent Lie algebra and the endomorphism D of the vector space g ® A defined by

D(z®a):=z®d(a) Vx € g,a € A,
Is an invertible derivation of the Lie algebra (¢ ® A, [, ]). Consequently, the vector
space g ® A with the following product (bilinear map) * is a Left symmetric algebra:

(z@a)x(y@b) = [D (@ ®a),y @b, Yo,y € g,a,b € A.

If we denote by g(A) this Left symmetric algebra (g ® A, ), then with a simple caculus,
we can write the Lie structure and the symplectic structure of the Lie algebra
a(A)™ x (g(4))".
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Double extensions of symplectic Lie algebras

There is a procedure for constructing symplectic Lie algebras called the symplectic
double extension procedure. This procedure was introduced by Alberto Medina and
Philippe Revoy. In the following we will recall this process

Proposition. Let (g, w) be a symplectic Lie algebra and D a derivation of g.
Then the bilinear form ¢p : g x g — K defined by

¢p(z,y) == w(D(z),y) + w(z, D(y)) = w((D+ D*)(x),y), Vz,y€g,
is an element of Z2(g, K) (i.e ¢ is a scalar 2—cocycle of g), where D* is the transpose
of D with respect to w.
Proof. ¢p is a skew-symmetric because w is skew-symmetric.
Letz,y,z € g,
ep(z, [y, 2]) + en(y, [z, 7]) + ¢p(2, [z, y])
:(w(g(([m), [%, ) +w(@, Dy, 2]) + w(D(y), [z a]) + w(y, D[z ]) + w(D(=), [y, 2]) +
w(z, T,y
= w(D(2), [y, ) + w(z, [D(y), 2]) +w(z, [y, D)) + w(D(y), [z,2]) + w(y, [D(=), 2]) +
w(y, [z, D(@)]) + w(D(2), [z, ]) + w(z [D(x), y]) + w(z [z, D(y)])
= w(D(2), [y, 2]) + w(z, [D(z),y]) + w(y, [z, D(@)]) + w(D(y), [z, 2]) + w(z, [D(y), 2]) +
w(z, [z, D(y)]) + w(D(2), [z,y]) + w(y, [D(2),2]) + w(z, [y, D(2)])

=04+0+0=0 (because w is a 2’ cocycle).
313 e
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Proposition. Let (g, w) be a symplectic Lie algebra and D a derivation of g.
Then the bilinear form Qp : g x g — K defined by
Qp(z,y) = w(((D+ D*)D + D*(D + D"))(x),y), Va,y€g,

is an element of Z2(g,K) (i.e Qp is a scalar 2—cocycle of g), where D« is the
transpose of D with respect to w.
Proof. Same calculations as in the last proof.
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Let (g,[.,.]q,w) be a symplectic Lie algebra and D a derivation of g.
We consider the two scalar cocycles of g.

@ 2-cocycles pp : g x g — K defined by:

QDD(l‘,y) = w(D(x)vy) + w(va(y)) = w((D + D*)(x),y)., Vz,y € g,
Q Qp :gxg— Kdefined by:

Qp(z,y) :=w(((D+ D*)D + D*(D 4+ D*))(x),y), Vz,y € g.

First extension: central extension of g.

Let us consider the one-dimensional Lie algebra Ke and g’ the central extension of g by
Ke by means of ¢p. Then

Q ¢ = gD Ke;
@ the product of g’ is defined by:

[z + ae,y + Bely = [z,yls + ¢p(z,9) €,
Vz,y € g,Va, f € K.
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Hypothesis: Qp € B*(g,K).
Then there exists f € g* such that:

Vaz,yeg, QD(m7y):f([T7y}E)
Since w is nondegenerate, there exists an unique zp € g such that

f(@) == wy(zp,z), Vzeg.
Now, let us consider §the endomorphism of the vector space underlying of ¢’ defined by

o(e):=0 and 4(z):=—D(z)+w(zp,z)e, Vx € g.

Claim: / is a derivation of the Lie algebra (¢’, [ .. .],/).
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Second extension: Semi-direct product of the one-dimensional Lie algebra by
the Lie algebra g'.

Let us consider the one-dimensional Lie algebra Kd and the representaion
7 : Kd — gl(g’) defined by: 7(d) := §. We denote by g the semi-direct product of Kd by
¢’ by means of 7 (i.e. § := ¢’ x. Kd).
The underlying vector space of g is:
g:=Ke® g Kd.
The product of g is defined by

[z, y]5 := [,y + w((D + D")(z),y)e, Va,y € g,

[d,z]z := —D(z) —w(zp,x)e, Vz€Eg.
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The Lie algebra g admits the following symplectic structure @ defined by

Wlyyy = w and w(e,d] :=1,

Other undefined products are zero.

The symplectic Lie algebra (g, [.,.], @) is called the symplectic double extension of
(g,w) by means (D, zp).
Let us remark that e is in the center of § and dim(g) = dim(g) + 2.

Theorem. Let (g,w) be a symplectic Lie algebra which contains a one-dimensional
isotropic ideal I. Then (g,w) is a symplectic double extension of symplectic Lie algebra
(¢/,0").

Corollary. Let (g,w) be a symplectic Lie algebra such that 3(g) # {0}. Then (g,w) is a
symplectic double extension of symplectic Lie algebra (g’,w’).

Corollary.

Every nilpotent symplectic Lie algebra is obtained from {0} by a finite sequence of
symplectic double extensions.
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