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Mechanics is the paradise of the mathematical sciences, because by
means of it one comes to the fruits of mathematics

Leonardo da Vinci
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1: Introduction to Hamiltonian and
Lagrangian mechanics
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Different geometries provide different dynamics
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Dynamics on symplectic geometry

As it is well known, Hamiltonian dynamics are developed using symplectic
geometry. Indeed, let (M,w) be a symplectic manifold, that is, w is a
non—degenerate closed 2-form, say dw = 0 and w" # 0, where M has
even dimension 2n. Then, if H: M — R is a Hamiltonian function, the
Hamiltonian vector field Xy is obtained using the equation

b(Xy) = dH (1)
where b is the vector bundle isomorphism

b: TM — T*M | b(v) =i, w

In Darboux coordinates (q', p;) we have w = dq’ A dp; and
_O0H 0 oH 0
~ Opidq’  Oq' Op;
in such a way that an integral curve (g(t), pi(t)) satisfies the Hamilton
equations

Xu

dg’  OH dp; OH

dt  0p;,  dt  Oq (2)
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Dynamics on cosymplectic geometry

A cosymplectic structure on an odd-dimensional manifold M is a pair
(22,7m7) where Q is a closed 2-form, 7 is a closed 1-form, and n A Q" # 0,
where M has dimension 2n+ 1. (M, £, n) will be called a cosymplectic
manifold.

There is a Darboux theorem for a cosymplectic manifold, that is, there
are local coordinates (called Darboux coordinates) (g', p;, z) around any
point of M such that

Q=dq' ANdp;, n=dz
There exists a unique vector field (called Reeb vector field) R such that
iR Q=0 s iR n= 1

In Darboux coordinates we have

_9
Y

Let H: M — R be a Hamiltonian function, say H.= H(q', pi, z).

R
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Consider the vector bundle isomorphism
b TM — T*M , b(v) =i, Q+n(v)7

and define the gradient of H by

b(grad H) = dH

Then
oH 0 oMo oW
Opi0q'  0q' Op; 0z Oz

Next we can define two more vector fields:

grad H =

@ The Hamiltonian vector field
Xy =grad H—R(H)R
@ and the evolution vector field

En=Xy+R
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From (3) we obtain the local expression

OH 0

time-dependent Hamilton equations

dq’
dt
dpi
dt
dz
dt

and then z = t + const so that both coordinates can be identified.

_OH 9 9H 9
" piag’  dq ap;

Therefore, an integral curve (q'(t), pi(t), z(t)) of Ey satisfies the

oH

op;
oH
oq’
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Dynamics on contact geometry

Consider now a contact manifold (M, n) with contact form n; this means
that 7 A dn™ # 0 and M has odd dimension 2n + 1. There exists a
unique vector field R (also called Reeb vector field) such that

irdn=0, ign=1

There is a Darboux theorem for contact manifolds so that around each
point in M one can find local coordinates (called Darboux coordinates)
(q', pi, z) such that

n = dz — p;dq’
In Darboux coordinates we have
0
R=—
0z

Define now the vector bundle isomorphism
b:TM —s T*M , b(v) =i, dn+n(v)n
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For a Hamiltonian function H on M we define the Hamiltonian vector
field by _
b(Xy) = dH — (R(H) + H)n

In Darboux coordinates we get this local expression

OH 0 oH OH, 0 OH 0

Therefore, an integral curve (g(t), pi(t), z(t)) of Xy satisfies the contact
Hamilton equations

dq’ _ OH

d opi (9)
C/p,' _ oH Bj

dz OH

da (Pia*p/ — H) (11)
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T
(Esmels

Consider a Hamiltonian system given by the Hamiltonian

2
p
H =— 4V
(9.p.2) =5+ V(q) +72
where 7y is a constant.
We obtain the following dynamical equations

_ P
q=—
m
_ v
2
_Fr _
Z_2m (q) ’yz

that are just the damped Newtonian equations.
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Symplectic Lagrangian formalism

Let L: TQ — R be a Lagrangian function, where @ is a configuration
n-dimensional manifold. Then, L = L(q', ¢'), where (g') are coordinates
in Q@ and (q', ¢') are the induced bundle coordinates in TQ. We will
assume that L is regular, that is, the Hessian matrix

0L
04’0
is regular. Using the canonical endomorphism S on TQ locally defined by
;0
S=4dq :
q® BF
one can construct a 1-form \; defined by
AL = S7(dl)
and the 2-form
wp = —d)\[_

Then, w; is symplectic if and only if L is regular.
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Consider now the vector bundle isomorphism
by T(TQ) — T*(TQ)
b[_(v) = iv wr

and the Hamiltonian vector field

fL = XEL
defined by
b(&1) = dE;
where E; = A(L) — L is the energy, where A = ¢ 8‘?.7,- is the Liouville

vector field on TQ. The vector field £, (the Euler-Lagrange vector field)
is locally given by

.0 .0
—¢ L 4B L 12
L qaq,+ 9g (12)
where o oL o aL. oL
Bi T\ i ) —— = 1
ad,(adj)Jrq aq,(adj) o0 0 (13)

Now, if (q'(t), ¢'(t)) is an integral curve of &, then it satisfies the usual
Euler-Lagrange equations
d oL oL
7( -,') - Al (14) -
dt 0qg g 15/174




Exercise 1: SODEs

A SODE & on TQ is a vector field on TQ such that 5(¢) = A.

@ Compute the local form of a SODE ¢ in bundle coordinates.

@ Prove that an integral curve o(t) of £ is the tangent lift of its
projection 7g o o on Q, where 7¢ : TQ — @ is the canonical
projection.

© Prove similar results for a time dependent SODE.
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Exeercise 2: Legendre transformation

@ Prove that the Legendre transformation transport the
Euler-Lagrange vector field into the Hamiltonian vector field.

@ How could we define a converse of the Legendre transformation if
we start from a Hamiltonian H on T*Q7
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Exercise 3: Geodesic spray

Let L be a Lagrangian on TQ defined by a Riemannian metric g on Q,
say o o
L(q'.q") = (1/2)giq'd
where g;; are the components of the metric in a coordinate system (g')
on Q.
@ Prove that the Euler-Lagrange vector field £, is just the geodesic
spray.
© Prove that the Euler-Lagrange equations coincide with the geodesics
of the metric.
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Cosymplectic Lagrangian formalism

We will recall here the geometric formalism for time-dependent
Lagrangian systems, just to show the differences with the previous
contact formalism. In this case, we also have a regular Lagrangian

L: TQ x R — R, but instead to consider the contact 1-form 7, we will
consider the cosymplectic structure given by the pair (€, dz), where

Q= —dX\

It is esay to check that, indeed, if L is regular then
dz A QJ # 0,

and conversely. Again, we have a Reeb vector field

O i 0L 0

R=5; " Wogaz ag
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Consider now the following vector fields determined by means of the
vector bundle isomorphism

b T(TQ x R) — T*(TQ x R)
bNL(v) =i, Q +dz(v)dz

say,
@ the gradient vector field

grad (E1) = 4.(dEy)
© the Hamiltonian vector field

Xe, =6 —R(EL)R
@ and the evolution vector field

EL:XELJrR

where f; = (b,)~1 is the inverse of b, .
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The evolution vector field &; is locally given by

EL=4g aq + B BFG + 9z (15)
where
0 oL, 0 oLy oL _

i

8q’(8q1)+q aq,(aqj)_aiqj* (16)

Now, if (q'(t), ¢'(t), z(t)) is an integral curve of &, then it satisfies the
usual Euler-Lagrange equations

4oLy oL
dt oq'’  0q

(17)

since z = t 4 constant.

C. Albert: Le théoreme de réduction de Marsden-Weinstein en géométrie
cosymplectique et de contact. J. Geom. Phys. 6 (1989), no. 4, 627-649.
F. Cantrijn, M. de Ledn, E.A. Lacomba: Gradient vector fields on
cosymplectic manifolds. Journal of Physics A: Mathematical and General
25 (1), 175-188.
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Contact Lagrangian formalism

Let L: TQ x R — R be a Lagrangian function, where Q is a
configuration n-dimensional manifold. Then, L = L(q',§', z), where (g')
are coordinates in @, (q', ') are the induced bundle coordinates in TQ
and z is a global coordinate in R.

We will assume that L is regular, that is, the Hessian matrix

0L
04'0¢
is regular.

From L, and using the canonical endomorphism S on TQ locally defined
by

S=dq' ®

oq’
one can construct a 1-form \; defined by
AL = S*(dl)

where now S and S§* are the natural extension of S and its adjoint
operator S* to TQ x R.
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Therefore, we have

oL .
AL = - dq’
L o q
Now, the 1-form 5
L.
=dz— —dq'
ne z 9g q
is a contact form on TQ x R if and if L is regular; indeed, if L is regular,

then

ne A (dnL)n 7é Oa
and conversely. From now on, we always assume that it is the case. The
corresponding Reeb vector field is

0 . 0°L 0
R=—-W'—n —
0z O¢dz 9g"’
where (W) is the inverse matrix of the Hessian (W;). The energy of the
systems is defined by

E,=A(L)-L
where A = §' 8‘9.,- is the Liouville vector field on TQ extended in the
usual way to TQ x R. Therefore,
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Denote by

b T(TQ xR) — T*(TQ x R)

the vector bundle isomorphism

be(v) = i (dn) + (ivn) m

given by the contact form 7, on TQ x R. We shall denote its inverse by

=00

Denote by &; the unique vector field defined by the equation
bu(é) = dEL — (R(EL) + Er)me (18)
A direct computation from eq. (18) shows that &; is locally given by

R R T

where the components B’ satisfy the equation

0 DLy 50 DLy 0 0L 9L oLoL
ag o5’ " T ag 0a’ T "oz\04’  aqg 0§ 0z

i

(20)
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Then, if (¢'(t), ¢'(t), z(t)) is an integral curve of £, and substituting its

values in eq. (20) we obtain

0 oL
g/

which corresponds to the generalized Euler-Lagrange equations
considered by G. Herglotz in 1930.

Vg D (OLy, ;0 0L oL oLoL
Toq\0e’ " f0z° 04" " aq ~ 94l 0z

i

i 5

d oL, 8L L L

a9g) " ag ~ 95 02 (21)

G. Herglotz: Beruhrungstransformationen, Lectures at the University of
Gottingen, Gottingen, 1930.
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The Hamiltonian formalism

Let H: T*Q x R — R be a Hamiltonian function, say H = H(q', p;, 2)
where (q', pi, z) are bundle coordinates in H : T*Q x R. Consider the
1-form

ne = dz —0q

where 6 is the canonical Liouville form on T*Q and we are considering
the usual identifications for a form on T*Q or R and its pull-back to
T*Q x R. In local coordinates, we have

ne = dz — p; dq’

So, ¢ is a contact form on T*Q x R and (q', p;, z) are Darboux
coordinates. Therefore, we can obtain a Hamiltonian vector field Xy
which locally takes the same form that above.
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Legendre transformation

Given a Lagrangian function L: TQ x R — R we can define the
Legendre transformation

FL: TQ xR — T*Q xR

given by
FL(q',4',2) = (d', i, 2)
where
N oL
pi = (f‘)iq’
A direct computation shows that
FL*nq = .

and then we have B
T(FL)(EL) = Xu

and consequently the generalized Euler-Lagrange (or Herglotz) equations

are transformed into the contact Hamilton equations.
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Variational formulation of contact Lagrangian mechanics: Herglotz
principle
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Variational formulation of contact Lagrangian mechanics

Let L: TQ x R — R be a Lagrangian function. We will recall the
so-called Herglotz's principle, a modification of Hamilton's principle that
allows us to obtain Herglotz's equations, sometimes called generalized
Euler-Lagrange equations.

Fix g1, g2 € Q and an interval [a, b] C R. We denote by

Q(q1, g2, [a, b]) C (C>°([a, b] — Q)) the space of smooth curves & such
that £(a) = g1 and &(b) = g2. This space has the structure of an infinite
dimensional smooth manifold whose tangent space at £ is given by the
set of vector fields over ¢ that vanish at the endpoints, that is,

TﬁQ(qlv 92, [37 b]) = {V§ € Cw([av b] - TQ) |

reove =& ve(a) =0, ve(b) =0},
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We will consider the following maps. Fix ¢ € R. Let
Z: Q(q17q27[aa b]) _>COO([37 b] _>R) (23)

be the operator that assigns to each curve & the curve Z(&) that solves
the following ODE:

% = L(&(), £(1), Z(&)(1),  Z(&)(a) = c. (24)

Now we define the action functional as the map which assigns to each
curve the solution to the previous ODE evaluated at the endpoint:

A Q(q1, g2, [a, b]) = R,
§— 2(8)(b),

that is, A = ev,Z, where evy, : ( — ((b) is the evaluation map at b.

(25)
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Theorem(Contact variational principle) Let L: TQ x R — R be a

Lagrangian function and let £ € Q(q1, g2, [a, b]) be a curve in Q. Then,
(€,€, Z(£)) satisfies the Herglotz's equations if and only if & is a critical
point of A. This theorem generalizes Hamilton's Variational Principle.

In the case that the Lagrangian is independent of the R coordinate (i.e.,
L(x,y,z) = [(X,y)) the contact Lagrange equations reduce to the usual
Euler-Lagrange equations. In this situation, we can integrate the ODE of
(25) and we get

b . c

b
A€ = [ L. e 55,

(26)

that is, the usual Euler-Lagrange action up to a constant.
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Exercise 4: Contact Hamiltonian vector fields

For a Hamiltonian function H on a contact manifold (M, n) the
Hamiltonian vector field Xy is defined by

b(Xn) = dH — (R(H) + H)n
Check that this formula is equivalent to these two conditions:

n(Xu) = —H , Lx,n=—(R(H) + H)
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2: A unified geometric framework
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Contact manifolds and Jacobi manifolds

A Jacobi manifold is a triple (M, A, E), where A is a bivector field (a
skew-symmetric contravariant 2-tensor field) and E € X(M) is a vector
field, so that the following identities are satisfied:

[AA]=2EAN, LEA=[E,A] =0,
where [-, -] is the SchoutenNijenhuis bracket.

Given a Jacobi manifold (M, A, E), we define the Jacobi bracket:

{,}:Cc®M)x c*(M) R,
(f.g) —A{f,g}

where
{f.g} = Ndf,dg) + fE(g) — gE(f).
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This bracket is bilinear, antisymmetric, and satisfies the Jacobi identity.
Furthermore it fulfills the weak Leibniz rule:

supp({f,g}) C supp(f) N supp(g).

That is, (C>°(M),{-,-}) is a local Lie algebra in the sense of Kirillov.
Conversely, given a local Lie algebra (C*°(M), {-,-}), we can find a
Jacobi structure on M such that the Jacobi bracket coincides with the
algebra bracket.

The weak Leibniz rule is equivalent to this identity:

{fvgh} :g{f, h}+h{fvg}+ghE(f)
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Given a contact manifold (M, n) we can define a Jacobi structure
(M, A, E) by

where § = L
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Poisson manifolds

One important particular case of Jacobi manifolds are Poisson manifolds
(when E = 0). The corresponding Poisson bracket satisfies the following
Leibniz rule

{f.gh} = {f,g}th+g{f, h}.

Examples of Poisson manifolds are symplectic and cosymplectic
manifolds.
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Cosymplectic manifold

A cosymplectic manifold is given by a triple (M, Q,7) where M is a
(2n + 1)-dimensional manifold,  is an exact 2-form and 7 is an exact
1-form.

We consider the isomorfism

bTM - TIM
X = ixQ+n(X)m.

If we denote its inverse by sharp = b~!, then
Ne, B) = Q(fa, £B),

is a Poisson tensor on M.
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Locally conformal symplectic manifolds

An almost symplectic manifold is said to be locally conformally
symplectic if for each point x € M there is an open neighborhood U such
that d(e?Q) =0, for o : U = R, so (U, e”Q) is a symplectic manifold. If
U = M, then it is said to be globally conformally symplectic.
One can see that these local 1-forms do defines a closed 1-form 6 such
that

dQ=0NQ.

The one-form 6 is called the Lee one-form. Locally conformally
symplectic manifolds (L.C.S.) with Lee form § = 0 are symplectic
manifolds. We define a bivector A on M and a vector field E given by

Mo, B) = Q06 (a),bH(B)) = Q(#(a), 4(8)), E =b""(0)

with o, 3 € QY(M) and b : X(M) — Q1(M) is the isomorphism of
C>°(M) modules defined by b(X) = 1xQ. Here § =b~1. The vector field
E satisfies tgf = 0 and L£Q2 =0,L£0 = 0. Then, (M, A, E) is an even
dimensional Jacobi manifold.
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Jacobi manifolds (continued)

Let (M, A, E) be a Jacobi manifold. We define the following morphism of
vector bundles:

b TMY 5 TM
a = Na,-),

which also induces a morphism of C°°(M)-modules between 1-forms and
vector fields.
In the case of a contact manifold, this is given by

ﬁ/\a = ﬁOé - OZ(R)R,

n(tae) = a(R)

for any 1-form a.
For a contact manifold, fia is not an isomorfism. In fact, ker i =<n >
and Im fp = H.
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Vector fields associated with functions f on the algebra of smooth
functions C*°(M) are defined as

X¢ = ta(df) + fE,

The characteristic distribution C of (M, A, E) is generated by the values
of all the vector fields X¢. This characteristic distribution C is defined in
terms of A and E as follows

Co=tn(TyM)+<E, >, VpeM

where i, : T;M — T,M is the restriction of gz to T, M for every p € M.
Then, C, = CN T,M is the vector subspace of T,M generated by E, and
the image of the linear mapping 4.

The distribution is said to be transitive if the characteristic distribution is
the whole tangent bundle TM.

41/174



Distributions and integrability

Definitions

@ A singular distribution D on a manifold M is the assignement to
each point x in M a vector subspace D, of T, M. If the dimension
of D, is constant, then D is called a regular distribution.

@ D is called smooth if for any point x € M and any tangent vector
vx € Dy, there is a vector field X on a neighborhood U of x which is
tangent to D at any point of U and such that X(x) = vy.

@ A distribution D is invariant by a vector field X if its flow preserves
the distribution.

@ A distribution D is generated by a family C of vector fields if any
D, is generated by the values of the vector fields of C at x.

@ D is called integrable if for any point x € M there is a maximal
integral submanifold passing through x.

Theorem (Stefan-Sussmann) Let D be a smooth distribution on M.
Then the following statements are equivalent:
Q@ D is integrable.
@ D is generated by a family C of smooth vector fields and invariant
by C.
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Structure theorem for Jacobi manifolds

Theorem

The characteristic distribution of a Jacobi manifold (M, A, E) is
completely integrable in the sense of Stefan-Sussmann, thus M defines a
foliation whose leaves are not necessarily of the same dimension, and it is
called the characteristic foliation. Each leaf has a unique transitive Jacobi
structure such that its canonical injection into M is a Jacobi map (that
is, it preserves the Jacobi brackets). Each can be

@ A locally conformally symplectic (or a symplectic) manifold if the
dimension is even.

© A manifold equipped with a contact one-form if its dimension is odd.
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Exercise 5: Characteristic distribution

@ Compute the characteristic distribution in the cases of symplectic,
cosymplectic, locally conformal symplectic and contact manifolds.

@ Prove that the characteristic distribution is invariant (in the sense of
singular distributions) in the case of contact manifolds.
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Exercise 6: Lagrangian submanifolds and dynamics

Let (M,w, H) be a Hamiltonian system and Xy the corresponding
Hamiltonian vector field. If w€ is the tangent or complete lift of w to
TM, prove:

@ wC is a symplectic form on TM

@ Xu(M) C TM is a Lagrangian submanifold.
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3: Dynamics and submanifolds
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Submanifolds of a contact manifold

As in the case of symplectic manifolds, we can consider several interesting
types of submanifolds of a contact manifold (M, 7). To define them, we
will use the following notion of complement for contact structures:

Let (M,n) be a contact manifold and x € M. Let A, C T,M be a linear
subspace. We define the contact complement of A,

AN = 17(AL),
where A,° = {ay, € T M | ax(Ax) = 0} is the annihilator.

We extend this definition for distributions A C TM by taking the
complement pointwise in each tangent space.
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Let N C M be a submanifold. We say that N is:
e Isotropic if TN C TN,
e Coisotropic if TN O TN-*.
o Legendrian if TN = TN,
Let (M, n) be a contact manifold of dimension 2n + 1.

One can easily prove the following characterization of a Legendrian
submanifold:

A submanifold N of M is Legendrian if and only if it is a maximal

integral manifold of kern (and then it has dimension n).
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Exercise 7: Characterization of Legendrian submanifolds

Prove this characterization of a Legendre submanifolds:

A submanifold N of M is Legendrian if and only if it is a maximal
integral manifold of ker# (and then it has dimension n).
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Proposition A section v: @ — T*Q x R of the canonical projection
T*Q@ x R — Q is a Legendre submanifold of (T*Q x R, ng) if and only
if v is locally the 1-jet of a function f : @ — R.

The above result is the natural extension of the well-known fact that a
section o of the cotangent bundle g : T*Q — Q is a Lagrangian
submanifold with respect to the canonical symplectic structure

wq = —dfg on T*Q if and only if o is a closed 1-form (and hence,
locally exact).
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Coisotropic reduction in contact geometry

We will present a result of reduction in the context of contact geometry,
which is analogous to the well-known coisotropic reduction in symplectic
geometry.

First we note that the horizontal distribution (?, dn) is symplectic. Let
be A C H. We denote by L, the symplectic orthogonal component

Atar = {v e TM | dn(v,A) = 0},

We remark that R € Aten for any distribution A. There is a simple
relationship between both notions of orthogonal complement:
Let A C TM be a distribution. Then

A = At .
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We have the following posibilities regarding the relative position of a
distribution A in a contact manifold and the vertical and horizontal
distributions
Definition
Let A C TM be a distribution of rank k. We say that a point x € M is
@ Horizontal it A, = A, N H,.
Q Vertical if Ay = (Ax NHL)D < Ry >.
@ Oblique if Ay = (Ax NHx)B < Ry + vx >, con vy € Hy \ A,.

If x is horizontal, then dim A+ = 2n — k. Otherwise,
dimAtr =2n+ 1 — k.
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Characteristic distribution

Given a coisotropic submanifold ¢ : N — M, we define

no=n=nTN
dno = ¢*(dn) = d(v"n)

We call characteristic distribution of N to

TN = ker(no) N ker(dnp).
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Contact Hamiltonian systems

Given a smooth function H on a contact manifold (M, 7), we define its
Hamiltonian vector field as

Xy = ta(dH) — HR,
or equivalently,
b(Xw) = dH — (R(H) + H)n.
In Darboux coordinates, we have

OH 0 OH OH, 0 OH 0

7+(y"87y,-_

X =gy o Yo )ay,

A contact Hamiltonian system is a triple (M,n, H), where (M,n) is a
contact manifold and H is a smooth real function on M.
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One can easily shows that

Lx, H=—R(H)H

which shows that the system does not preserve the energy.
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Let (M, n, H) a Hamiltonian contact system with Reeb vector field R and
Hamiltonian dynamics Xy. Assume that M has dimension 2n + 1.
A direct computation shows that

Lx,n=—R(H)n

Lx, dn = —d(R(H))n — R(H)dn
Lx, (n A dn) = =2R(H)n A dn

Lx,, (n A (dn)?) = =3R(H)n A (dn)?

and by induction one can prove that
Lxy (nA(dn)") = =(n+ 1) R(H)n A (dn)”

This prove that the contact volume is not preserved.

However,
Q= H""Ny A (dn)"

is preserved.
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Morphisms between contact manifolds

A diffeomorphism between two contact manifolds F : (M,n) — (N,§) is
a contactomorphism if

F*¢=n.
A diffeomorphism F : (M,n) — (N,§) is a conformal contactomorphism
if there exist a nowhere zero function f € C*°(M) such that

F*¢&=fn.

A vector field X € X(M) is a infinitesimal contactomorphism
(respectively infinitesimal conformal contactomorphism) if its flow ¢
consists of contactomorphisms (resp. conformal contactomorphisms).
A vector field X is an infinitesimal contactomorphism if and only if

ﬁxT] =0.

X is an infinitesimal conformal contactomorphism if and only if there
exists g € C*°(M) such that

Lxn = g
In this case, we say that (g, X) is an infinitesimal conformal
contactomorphism. 57174



Next, we will investigate the relationship between Hamiltonian vector
fields and Legendrian submanifolds.

Theorem (Contactification of the tangent bundle)

Let (M,n) be a contact manifold. Let 7] be a one form on TM X R such
that

7=n"+1t",
where t is the usual coordinate on R and n¢ and nV are the complete

and vertical lifts of ) to TM. Then, (TM x R, 1) is a contact manifold
with Reeb vector field R = RV.

Theorem

Let (M,n) be a contact manifold, and let X € X(M), f € C>°(M). We
denote

Xxf:M — TMxR
p = (Xp,f(p)),

Then (f, X) is an infinitesimal conformal contactomorphism if and only if
(X xf)C(TM x R.7%) is a Legendrian submanifold.
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This result states that the image of vector field Xy, suitably included in
the contactified tangent bundle, is a Legendrian submanifold. In this
sense, Hamiltonian vector fields are particular cases of Legendrian
submanifolds.

Let (M,n, H) be a contact Hamiltonian system. Then

(Xu x (R(H))) € (TM x R, 1)

is a Legendrian submanifold.

The result follows since

‘CXH n= —R(H)ﬁ
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Theorem (Coisotropic reduction in contact manifolds)

Let . : N —> M be a coisotropic submanifold. Then TN is involutive.
If the quotient N = TN/ TN is a manifold and N does not have
horizontal points, let w: N — N be the projection. Then there exists a
unique I-form 7j on N such that ij = ,(n) and (N, j) is a contact
manifold.

Furthermore, if N consists only of vertical points, then R = 7*R is well
defined and is the correspondig Reeb vector field.
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The following theorem is very related to a similar result in

A.G. Tortorella: Rigidity of Integral Coisotropic Submanifolds of Contact
Manifolds. Letters in Mathematical Physics 108 3 (2018), 883-896.

Indeed, this result provides a coisotropic reduction theorem for regular
coisotropic submanifolds which coincides with our notion of coisotropic
submanifolds without horizontal points, but it is used in a slightly
differente context.

There is another, non-equivalent, widespread definition of contact
manifold. Some authors define contact manifolds (M, &) as
odd-dimensional manifolds M with a contact distribution £, that is, a
maximally non-integrable codimension 1 distribution. By the Frobenius
theorem, this means that ¢ is given locally as the kernel of a contact
form 7. Of course, every contact manifold (M, n) is a contact manifold in
this sense by taking £ = kern. Conversely, a contact distribution £ is
globally the kernel of contact form if and only if £ is co-orientable.
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With the notations from previous theorem, assume that L C M is
Legendrian, N does not have horizontal points, and N and L have clean
intersection (that is, N N L is a submanifold and T(NN L) = TN N TL).
Then [ = n(L) C N is Legendrian.
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4: Symmetries and reduction
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Infinitesimal symmetries and Noether Theorem

Noether theorem is one of the most relevant results relating symmetry
groups of a Lagrangian system and conserved quantities of the
corresponding Euler-Lagrange equations. In the simplest view, the
existence of a cyclic coordinate implies the conservation of the
corresponding momentum. Indeed, if L = L(q', ) does not depend on
the coordinate ¢/, then, using the Euler-Lagrange equation

d (0L oL
i (5) 39 = 0
we deduce that oL
b = 0 0 (28)

Noether theorem can be described on a geometric framework.

Now, L is a function on the tangent bundle TQ of the configuration
manifold Q and X be a vector field on Q. Denote by X" and X the
vertical and complete lifts of X to TQ. Then:

Theorem (Noether Theorem)

XC€(L) =0 if and only if X (L) is a conserved quantity.
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In contact Lagrangian dynamics, the generalized Euler-Lagrange
equations look as

dt\og ) " og ~ 94 02" (29)

and if we insist to proceed as in the symplectic case, we would have

d (aL) aL oL aL

. oL
P = Epj

oL
pi = exp/g

Therefore,
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Infinitesimal symmetries in contact Hamiltonian systems

Let (M,n, H) a contact Hamiltonian systems with Reeb vector field R.
The Jacobi bracket of two functions f,g € C*°(M) is given by

{f,g} = N(df,dg) — fR(g) + gR(f)

where (A, E = —R) is the associated Jacobi structure to (M, 7). Let X¢
the Hamiltonian vector field defined by a function f.

These two lemmas are essential for our purposes:

Lemma 1 We have

{f.g} = Xr(g) + &R(f)
This implies that
Xu(f) = {H, f} = R(H) f
so that an observable f dissipates at the same rate that the Hamiltonian

if and only if f and H commute (and in that case, % is a conserved
quantity.

Lemma 2 We have
{f.g} = —n([Xr, Xg])
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Proposition Let X be a vector field on M such that n(X) = —f. Then
{H, f} = =n([Xu, X]) = (Lx n)(Xn) + X(H)

Proof: If n(X) = —f, then n(X — X¢) =0, so that X — X¢ is in the
kernel of 7.

Since
Lxn=~-R(H)n

we deduce that
(Lxn)(Xr) = (Lx n)(X)
Therefore
{H,f} = —n([Xu,X¢])(using Lemma 2)
= (Lx, 1) (Xr) — Xu(n(X¢))(by using the Cartan formula)
= (Lx,m)(X) = Xu(n(X))
= —n([Xu, X])(again by using the Cartan formula)

From the second equality, we have

—n([Xn, X]) = (Lxn)(Xu) — X(n(Xw))(by using the Cartan formula)
= (Lxn)(Xn) + X(H)
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The above Proposition suggests us to introduce the following definition.
Definition. A vector field X on M such that

n([Xn, X]) =0
will be called a dynamical symmetry for (M, n, H).

Using the above Lemmas and the previous Proposition, the following
result is immediate.

Theorem Let X be a vector field on M. Then X is a dynamical
symmetry for (M, n, H) if and only if n(X) commutes with H.
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Infinitesimal symmetries in contact Lagrangian systems

In this case, we will take benefit fom the bundle structure of TQ x R.
For a vector field X = X’ a
complete lifts to TQ (and W|th the natural extension to TQ x R by

.0
XV =X =
¢’
0 0X' 0
X = —+§—=—
o7 ¥ oq o7
Next, let Y be a vector field on Q x R. If
0 0
Y=Y/ + Z2—
aq’ 0z
then its complete lift to T(Q x R) is
.0 aY'" o
Y¢ = vy == :
aq + Y oq 07
0Z 8 6Y’ 0 .0Z 0
+¢ o~

og 0z 0z 04 ‘oz0z

Here (z, z) are the bundle coordinates in TR =2 R x R. 69/174



Since we are restricted to the submanifold TQ x R of T(Q x R) we
consider only such vector fields Y on @ x R such that its complete lift to
T(Q x R) be tangent to TQ x R. This just happens when

0z
oqi

that is, Z does not depend on the positions g. The restriction of such
Y€ to TQ x R will be denoted by

- .0 0] Y 0
YC=Y 422 4 - ——
o7 2oz TV o o
In such a case, we will denote by YV the vertical lift of the projection of
Y to Q, say
Y/V _ Yi 0
=Y'55

which is obviouly tangent to TQ x R
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Next, we shall consider a contact Lagrangian system given by a
Lagrangian L : TQ x R — R. The corresponding contact Hamiltonian
system is (TQ x R, n,, E;) with the obvious notations. calR| is the Reeb
vector field and &, the Euler-Lagrange vector field.

Definition A vector field X on Q is called an infinitesimal symmetry of L
if X¢(L) =0.

Theorem A vector field X on Q is an infinitesimal symmetry of L if and
only if the function
f=Xx"(L)

commutes with the energy, that is,

oL
E(f) = —Ru(EL)f = 5'(

Notice that if X is an infinitesimal symmetry of L, then X€ is the
Hamiltonian vector field of XV (L), say

XC - XXv(L)
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The above definition can be slightly extended as follows

Definition Let Y a vector field on @ x R such that Y€ is tangent to
TQ x R. Then Y is called a generalized infinitesimal symmetry of L if

YE(L) = —R(f)L

where _
f=Y(L)-2

and Z is the z-component of Y.

Theorem Let Y be a generalized infinitesimal symmetry of L. Then
f=YV(L)-2

commutes with E;, and, conversely, in that case, Y is a generalized
infinitesimal symmetry of L.
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More types of infinitesimal symmetries

Definition (Cartan and Noether symmetries) A vector field ¥ on
TQ x R is called a Cartan symmetry if

Lone=an+dg; Y(EL) = aEL + gR1(EL)

for some functions a,g € C>°(TQ x R).
A vector field Y on Q_x R such that Y€ is tangent to TQ X R is called a
Noether symmetry if YC is a Cartan symmetry.

Theorem
(1) If Y is a Noether symmetry such that
V(L) =g°
then _
f=Y"(L)-¢g"

commutes with E;.
(2) If Y is a Cartan symmetry such that

Lyn =dg

then y
nv(Y)—g
commutes with E;. 73/174



Definition (Lie symmetries). A vector field Y on Q x R such that Y¢
is tangent to TQ x R and Y€ is a dynamical symmetry will be called a
Lie symmetry.

Theorem. If Y is a Lie symmetry, then

—n(Y)=YY(L) -2

commutes with E;.
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The moment map is well-known in symplectic geometry. There is a
contact analog that we will descibe in the next slides.

Definition
Let (M,n) be a contact manifold and let G be a Lie group acting on M

by contactomorphisms. In analogy to the exact symplectic case, we
define the moment map J : M — g* such that

J()(€) = —n(Em(x)),

where x € M, £ € g and £y is the the infinitesimal generator of the
action corresponding to &.
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We have

X5, =¢&m
where ng is the Hamiltonian vector field corresponding to the function
Je(x) =< J(x), € >.
The moment map defined is equivariant under the coadjoint action. That
is, we have

Ad;,loJ:Jog

g€ G, acgand € €g, where Ad* : G — Aut(g*) is the coadjoint
representation.
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Proposition

Let (M, n) be a contact manifold on which a Lie group G acts by
contactomorphisms. Let p € g* be a regular value of the moment map J.
Then, for all x € J71(u) we have

TX(G;LX) = T.(Gx)N TX(J_l(N))v

where G, = {g € G | Ady_ipp = u} is the isotropy group of u with
respect to the coadjoint action.

We also have
T(J7H (1) = Tu(Gx) .

In particular, if G = G, then T,(Gx) C T (J~Y(x)) and T (J71()) is
coisotropic and consists of vertical points. Furthermore

T(J7H (1)) ™ = Tu(Gx)
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Contact reduction

Let (M,n) be a contact manifold on which a Lie group G acts freely and
properly by contactomorphisms and let J be the momentum map. Let
1 € g be a regular value of J which is a fixed point of G under the
coadjoint action. Then, M,, = J=1(u)/G has a unique contact form 7,
such that

TN = L0,
where 7, : J71(u) — M,, is the canonical projection and
ty : J7H(u) = M is the inclusion.
Also the Reeb vector field of the quotient R, = 7, R is the projection of
the Reeb vector field R of (M, n).
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Dynamics reduction

Let G be a group acting by contactomorphisms on (M, n, H) such that H
is G-invariant. Then, (M,,n,, H,) is a Hamiltonian system, where H,, is
quotient of H by the action of G, that is

Wu*XH\J,l(“) = XHH

M
A
Ly H
I () R
71'” | H/L

“w
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CEE.-._———,H reiue—_n

Construct a natural momentum map for this canonical contact structure
(T*Q x R,ng), when G is a Lie group acting on Q.
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5: Hamilton-Jacobi theory
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Classical Hamilton-Jacobi theory (geometric version)

The standard formulation of the Hamilton-Jacobi problem is to find a
function S(t, q”) (called the principal function) such that

5, T hla ’W) =0. (30)

If we put S(t,q*) = W(q?) — tE, where E is a constant, then W satisfies

a OW .
h(q ’ an) =E (31)
W is called the characteristic function.
Equations (30) and (31) are indistinctly referred as the Hamilton-Jacobi
equation.
R. Abraham, J.E. Marsden: Foundations of Mechanics (2nd edition).
Benjamin-Cumming, Reading, 1978.
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Let M be the configuration manifold, and T*M its cotangent bundle
equipped with the canonical symplectic form

wy = dg* A dpa

where (g*) are coordinates in M and (q*, pa) are the induced ones in
T*M.

Let h: T*M —s IR a hamiltonian function and Xy the corresponding
hamiltonian vector field:

I'X,7 wpm = dh
The integral curves of X, (g*(t), pa(t)), satisfy the Hamilton equations:

dg _ oh dpn __0h

dt ~ Opa’ dt  9q*
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Let A be a closed 1-form on M, say d\ = 0; (then, locally A\ = dW).

Hamilton-Jacobi Theorem
The following conditions are equivalent:

(i) If o : | — M satisfies the equation

dt _ on
dt_BpA

then A\ o o is a solution of the Hamilton equations;

(i)) d(ho)X) =0
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Define a vector field on M:

X} = TrpmoXpo

T*M al T(T*M)
A ™™ Trm
X
M ™

The following conditions are equivalent:
(i) If o : I — M satisfies the equation
dat _ oh

dr apa
then A oo is a solution of the Hamilton equations;

(i)’ If o : 1 — M is an integral curve of X}, then A oo is an integral curve of
Xh;

(i)” Xp and X2 are A-related, i.e.
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Hamilton-Jacobi Theorem Let A be a closed 1-form on M. Then the
following conditions are equivalent:

(i) X2 and Xj are A-related;

A = Aa(q) dg”
then the Hamilton-Jacobi equation becomes
h(g*, A\a(g®)) = const.

and we recover the classical formulation when

ow
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The Hamiltonian—Jacobi theory for contact Hamiltonian systems
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Let H = H(q', p;, z) be a Hamiltonian with contact Hamilton equations

dg’ OH dp; OH OH, dz OH
= = — - i) . = i~ — H 32
gt op dt - \ag TPa) @ Pap (32)
or
d¢'  OH dp; OoH OH, dz OH
= = (5= i=—)s 5 = Pig— 33
dt  Op; dt (aq’ tp 82) dt P Opi (33)
Let S = S(q') be a function such that
H ! ey 5 ! == k 34
(q,aq,, (g) (34)

where k is a constant, then the curve

(q (1) g—j(t)vs(q"(t))

is a solution of (33), assuming that

dq’  OH
dt api
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@ What is the geometric version of these equations?
@ What kind of submanifolds now play the role of Lagrangian submanifolds?
@ In this talk we will give some answers, contained in the following papers:

o de Ledn, M.; Sardén, C.: Cosymplectic and contact structures for
time-dependent and dissipative Hamiltonian systems. J. Phys. A 50
(2017), no. 25, 255205, 23 pp.

o de Ledn, M.; Lainz, M.; Muiiz-Brea, A.: The HamiltonJacobi theory for
contactHamiltonian systems. arXiv preprint arXiv:2103.17017
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Given a contact 2n + 1 dimensional manifold (M, ), we can consider the
following distributions on M, that we will call vertical and horizontal
distribution, respectively:

H = kern,
YV = kerdn.

We have a Withney sum decomposition
T™M=HoV,
and, at each point x € M:
TM=H, ® V.

We will denote by 73, and 7y, the projections onto these subspaces. We
notice that dim#H = 2n and dimV = 1, and that (dn),,, is
non-degenerate and V is generated by the Reeb vector field R.
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© A diffeomorphism between two contact manifolds
F:(M,n) — (N,&) is a contactomorphism if

F*¢=n.

@ A diffeomorphism F : (M,n) — (N, &) is a conformal
contactomorphism if there exist a nowhere zero function
f € C°°(M) such that
F*¢& = fn.

@ A vector field X € X(M) is an infinitesimal contactomorphism
(respectively infinitesimal conformal contactomorphism) if its flow ¢,
consists of contactomorphisms (resp. conformal
contactomorphisms).
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Therefore, we have

@ A vector field X is an infinitesimal contactomorphism if and only if

ExT] =0.

@ X is an infinitesimal conformal contactomorphism if and only if there
exists g € C*°(M) such that

Lxn = gn.

In this case, we say that (g, X) is an infinitesimal conformal
contactomorphism.
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If (M,n) is a (2n + 1)-dimensional contact manifold and take Darboux
1

coordinates (g*,...,q", p1,...,Pn, Z), then
9 j
V=< —>, H=<A,B" >
0z
where
0 0
A = — —pi—
oqg "oz
B - 2.
opi

{A1,B, ..., A,,B", R} and {dq',dp1,...,dq", dp,,n} are dual basis.
We also have '
[Ai,B']=-R
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Contact manifolds as Jacobi structures

A Jacobi manifold is a triple (M, A, E), where A is a bivector field (a
skew-symmetric contravariant 2-tensor field) and E € X(M) is a vector
field, so that the following identities are satisfied:

[N =2E AN, LeN=[E,A] =0,
where [-, -] is the SchoutenNijenhuis bracket. The Jacobi bracket on
C>(M) is defined by:

{f. g} = A(df, dg) + fE(g) — gE(f).
This bracket is bilinear, antisymmetric, and satisfies the Jacobi identity.
Furthermore, it fulfills the weak Leibniz rule:

supp({f.,g}) C supp(f) N supp(g).

That is, (C>°(M),{-,-}) is a local Lie algebra in the sense of Kirillov.
Conversely, given a local Lie algebra (C*°(M), {-,-}), we can find a
Jacobi structure on M such that the Jacobi bracket coincides with the

algebra bracket.
The weak Leibniz rule is equivalent to this identity:

{f.ght = g{f. h} + h{f, g} + ghE(f)
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Given a contact manifold (M, n) we can define the associated Jacobi
structure (M, A, E) by

Mev, B) = —dn(io, §8), E=-R,

where ff = »=1. For an arbitrary function f on M we can prove that the
Hamiltonian vector field Xr with respect to the contact structure 7
coincides with the one defined by its associated Jacobi structure, say

Xe =ta(df) — R

where #i5 is the vector bundle morphism from tangent covectors to
tangent vectors defined by A, i.e.

< ﬂ/\(()é), B >= /\(Oé, 5)7

for all covectors o and f3.
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Submanifolds

As in the case of symplectic manifolds, we can consider several interesting
types of submanifolds of a contact manifold (M, 7). To define them, we
will use the following notion of complement for contact structures:

Let (M,n) be a contact manifold and x € M. Let A, C TM be a linear
subspace. We define the contact complement of Ay

A = EA(AL°),

where A,° = {ay, € T M | ax(Ax) = 0} is the annihilator.

We extend this definition for distributions A C TM by taking the
complement pointwise in each tangent space.

Here, A is the associated 2-tensor according to the previous section.

Definition

Let N C M be a submanifold. We say that N is:
e Isotropic if TN C TN,
e Coisotropic if TN D TN,
o Legendrian or Legendre if TN = TN,
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The coisotropic condition can be written in local coordinates as follows.
Let N C M be a k-dimensional manifold given locally by the zero set of
functions ¢, : U — R, with a € {1,, k}.
We have that

TN =< Z,|a=1,...,k>

where
Z, = tn(d¢a)
Therefore, N is coisotropic if and only if, Z,(¢s) = 0 for all a, b.
Notice that
d¢a 09\ 0 0¢s (O )
Zy = i i - — Pi— |-
<8q’ P 0z > ap; + op; \ 0q’ P 0z (35)

According to (35), we conclude that N is coisotropic if and only if

¢, .a(ba IPp 0¢s (Ogp . % _
(6‘q’ TP 0z ) Opi + Op; <8q" Pi 5z ) =0 (36)
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Using the above results, one can easily prove the following
characterization of a Legendrian submanifold.

Proposition Let (M, n) be a contact manifold of dimension 2n+ 1. A
submanifold N of M is Legendrian if and only if it is a maximal integral
manifold of kern (and then it has dimension n).

Consider a function f : @ — R and let ngo = dz — p*f¢ the canonical
contact structure on T*Q X R. Here p: T*Q x R — T*Q is the
canonical projection, and ¢ is the canonical Liouville form on T*Q. In
bundle coordinates (q', pi, z), we have

ng = dz — p; dq’

so that (q', p;, z) are Darboux coordinates.
We denote by j1f : Q — T*Q x R the 1-jet of f, say

JHf(a) = (q’,(§;7f(q’)>

Then, one immediately checks that j1f(Q) is a Legendrian submanifold
of (T*Q x R,nq). Moreover, we have

Proposition A section v: @ — T*Q x R of the canonical projection
T*Q x R — Q is a Legendrian submanifold of (T*Q x R, ngq) if and
only if v is locally the 1-jet of a function f: Q —R.
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The above result is the natural extension of the well-known fact that a
section o of the cotangent bundle 7o : T*Q — @ is a Lagrangian
submanifold with respect to the canonical symplectic structure

wq = —dfg on T*Q if and only if o is a closed 1-form (and hence,
locally exact).
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The Hamilton-Jacobi equations for a Hamiltonian vector field

We consider the extended phase space T*Q x R, and a Hamiltonian
function H: T*Q x R — R (see the diagram below).

T*Q xR
\X
z
P
T*Q R
Recall that we have local canonical coordinates {q', p;,z},i=1,...,n

such that the one-form is ng = dz — p*0¢, 6¢ being the canonical 1-form
on T*Q@, can be locally expressed as follows

ne=dz—» pidq’. (37)
i=1

(T*Q x R,ng) is a contact manifold with Reeb vector field R = 8%.
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Consider the Hamiltonian vector field Xy for a given Hamiltonian
function, say
In coordinates, it reads
"\ OH 0 - OH OHY\ @ 4 oH )
X = T i A e i — H -
=3 Gnae 2 (5 * 5g) o > (P ")z

i=1 i=1 i=1

We also have

b(Xn) = dH — (R(H) + H)n,

where b is the isomorphism previously defined. We also have that
n(Xn) = —H. (40)

Recall that (T*Q x R,A, —R) is a Jacobi manifold with A given in the
usual way.
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The contact structure provides us with the contact Hamilton equations.

oH

opi’

. oH oH

Pi = aq —Pi5> 9z
OH

~Pop

)

q:

foralli=1,...,n.
Consider v a sectionof m: T*Q xR — Q xR, i.e., oy =idgoxr. We
can use 7y to project Xy on Q X R just defining a vector field X}} on
Q xR by
XZ =Tr0oXyon. (42)
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The following diagram summarizes the above construction

T*Q xR X T(T*Q x R)
vy m Tw
X
QxR T(Q xR)

Assume that in local coordinates we have
(q'.2) = (d',2) = (¢',%(d', 2), 2)

We can compute T(X}}) and obtain

OH 0 (0HDy (OM  Noy\ 0 [ oH N D
(ap,- oq <7’ap,- H> oz ) op; T\ Vo 1
(43)
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Therefore, from (39) and (43), we have that
Xp oy = T(Xy)

if and only if

OH 8’7j oOH OH 87,- oH 8'yj
— 4y =L — H=L =0. 44
o " oq "o Vaz Vazap oz 0 (44)
Assume now that

Q (@ x R) is a coisotropic submanifold of (T*Q x R, nq);

@ 7:(Q) is a Lagrangian submanifold of (T*Q,wg), for any z € R, where
’72(q) =po ’7((7, Z)'
Notice that the above two conditions imply that v(Q x R) is foliated by
Lagrangian leaves v,(Q), z € R.

We will discuss the consequences of the above conditions.
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The submanifold v(Q x R) is locally defined by the functions

¢i=pi—7i =0

Therefore, the first condition is equivalent to

;i 0yi O o;
- [T — B ii = 4
o¢  Vaz og Vg, =0 (45)

If, in addition, 7,(Q) is Lagrangian submanifold for any fixed z € R, then

we obtain 5 5
i i
94 0q (46)
and, using again (45), we get
Ovi O _ 0 (47)

i 0z i 0z
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Under the above conditions (using (46) and (47)), (44) becomes

OH  OH dvy; ; <3H oH aV") _u%u g (48)

og * Op; O¢¥ 9z * Op; 0z 0z
We can write down eq (48) in a more friendly way. First of all, consider
the following functions and 1-forms defined on @ x R:

° OH  OH dv;
Yo =87 T Bp; 0z
° OH  OHdv\ | .
d(Hov;) = (E)ql + O 8qf> dq’
o)

. . oy, ;
’%(d(W 0q)) = 87;0'9‘!
Therefore, eq (48) is equivalent to

d(Ho7z) +7(770q) — (Ho)(i2 (d(7"0g))) = O. (49)
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Assume that a section ~y of the projection T*Q X R — Q X R js such
that v(Q x R) is a coisotropic submanifold of (T*Q x R,nq), and v,(Q)
is a Lagrangian submanifold of (T*Q,wgq), for any z € R. Then, the
vector fields Xy and X, are ~y-related if and only if (48) holds
(equivalently, (49) holds).

Equations (48) and (49) are indistinctly referred as a Hamilton—Jacobi
equation with respect to a contact structure. A section ~y fullfilling the
assumptions of the theorem and the Hamilton-Jacobi equation will be
called a solution of the Hamilton—Jacobi problem for H.

Notice that if v is a solution of the Hamilton—Jacobi problem for H, then
Xy is tangent to the coisotropic submanifold v(Q X R), but not necesarily
to the Lagrangian submanifolds v,(@Q), z € R. This occurs when

Xu(z—2)=0
for any zy, that is, if and only if
oH
H zo — Vig
0¥z =7 op;

We call v an strong solution of the Hamilton—Jacobi problem:
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A characterization of conditions on the submanifolds v(TQ x R),v,(TQ)
can be given as follows. Let 0: Q x R — /\k(T*Q) be a z-dependent
k-form on Q. Let dgo be the exterior derivative at fixed z, that is

doo(q',2) = do(q'), (50)

where o, = o(+, z). In local coordinates, we have

of |

dof = -dq'

of = 5794

do(cidg’) = 2% dg' A dgf

Q\&;dq ) = aq, q )

where f : @ x R — R is a function and a = a;dg’ : @ x R — A}Y(T*Q)
is a z-dependent 1-form.

(51)

Let y be a section of T*Q x R over @ X R. Then v(Q X R) is a
coisotropic submanifold and ~,,(TQ) are Lagrangian submanifolds for all
zy if and only if dgy = 0 and L’a%fy = oy for some function

0:Q xR — R. That is, there exists locally a function f : @ x R - R
such that dof =~ and do% = odof.
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Proof

Fix zp € R, then, v,,(Q) is Lagrangian if and only if v, is closed, hence
dvyz, =0, so all v, (Q) are Lagrangian if and only if dgy = 0. By the
Poincar Lemma, locally v = dgf,

Now also assume that v(Q x R) is coisotropic. Then, equation (47) can

be written as
Yy AND/0zy =0, (52)

or, equivalently, that v and 9/0z~ are proportional.
Locally, we obtain that dQ% = odof.
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Complete solutions

Next, we shall discuss the notion of complete solutions of the
Hamilton—Jacobi problem for a Hamiltonian H.

Definition

A complete solution of the Hamilton—Jacobi equation for a Hamiltonian
H is a diffeomorphism ® : @ x R x R" — T*Q x R such that for any set
of parameters A € R" A\ = (Aq, ..., \,), the mapping

P,: QxR — T*Q xR
(4',2) — ®,(q',z) =P(qd', 2, )
is a solution of the Hamilton—Jacobi equation. If, in addition, any ®, is
strong, then the complete solution is called an strong complete solution.

(53)

We define functions f; such that for a point p € T*Q X R, it is satisfied
fi(p) = mioaod™(p). (54)

and a: Q@ X R x R” — R" is the canonical projection.
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The first immediate result is that
Im &y =Ny £7H(\)
where A = (A1, , \p). In other words,
Imdy={xe T @xR|fi(x)=\,i=1,---,n}

Therefore, since Xy is tangent to any of the submanifolds Im ®,, we
deduce that

Xu(fi) =0

So, these functions are conserved quantities.
Moreover, we can compute

{fi, i} = N(dfi, dfy) — fiR(f;) + iR(f)
But
N(df;, df) = ¢a(df;)(f;) = 0
since (TIm®,)+ = 4A((TIm®,)°) C TImd,, so
{fi, i} = —fiR(f;) + fiR(f) (55)
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There exist no linearly independent commuting set of first-integrals in
involution (68) for a complete strong solution of the Hamilton—Jacobi
equation.

Proof: If all the particular solutions are strong, then the Reeb vector
field R will be transverse to the coisotropic submanifold ®,(Q x R).
Indeed, if R is tangent to that submanifold, we would have

A(Py);

0z
where ®,(q',z) = (¢', (®1)i, z). So, ® does not depend on z, hence it
cannot be a diffeomorphism.

Therefore, if the brackets {f;, 75} vanish, then we woul obtain that the
functions f; cannot be linearly independent. Indeed, we should have

fiR(f) = R(f)

R(pi = (®2)7) = -

for all i, j. But this would imply that f; and f; are linearly dependent in
the case A = (0,...,0).
£
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An alternative approach

Instead of considering sections of 7: T*Q x R — @ X R as above, we
could consider a section of the canonical projection 7: T*Q x R — Q,
say v: Q = T*Q x R.

In local coordinates, we have

(¢') = 2(q') = (¢, %(d). 12(d")
We want ~ to fulfill
Xyory= T’pog, (56)
where XJ = Tm o Xy o+. Using the local expression of Xy we have

X, =30, (%}: o'y) a%f' and equation (56) holds if and only if:
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)

OH
i 0z

* dqi

OH

)

- 0H oy
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Now, notice that

¥y=poy
is a 1-form on Q. Then, we locally have 5 = ~;(q) dq'.
Next, we assume that y(Q) is a Legendrian submanifold of
(T*Q x R,ng). This implies that 4(Q) is a Lagrangian submanifold of
(T* Q, wQ).
But v(Q) is a Legendrian submanifold if and only if it is locally the 1-jet
of a function, namely v = j1~,, where we consider 7, as a function from
Q@ to R. In other words, we have:

_ 0z

Vi = oq
If we assume that the section «y fulfills the above condition, we can see
that equations (57) become

(59)

Ho~ =0. (60)

Definition

Assume that a section 7 such that y(Q) is a Legendrian submanifold of

(T*Q x R,ng) and (Q) is a Lagrangian submanifold of (T*Q,wq).

Then ~ is called a solution of the Hamilton-Jacobi problem for the

contact Hamiltonian H if equation (60) holds. i5 /174



The Hamilton-Jacobi equations for the evolution vector field: A
first approach

Assume that £y is the evolution vector field defined for a Hamiltonian
function H: T*Q x R — R. Then, we have

LOH O (M OHY O oH O o
"= opog \oqg P az) ap " Pop oz
Assume that ~y is a section of the canonical projection
T T*QXR— Q@xR,sayv: QxR — T*Q x R.
In local coordinates we have
(¢',2) = 2(q') = (¢, %(d"), 2)
Therefore, we can define the projected evolution vector field
Ey=Tnokyon.
We have that &y oy = T~(&}) if and only if
H H 0~; H 0~; H
0 OH 0v; OH Ov; 0] ~0 (62)

a¢ ' Op; g’ V'Bp;a oz T
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Assume now that
Q (@ x R) is a coisotropic submanifold of (T*Q x R, nq);

@ 7.(Q) is a Legendrian submanifold of (T*Q x R, 7q), for any z € R,
where +,(q) = 7(q, 2).

Then, a direct computation shows that (62) becomes

d(Hovy)+ 77" (0g) =0, (63)
where
_oH oMoy,
Yo = Bz Op; 0z

Assume that a section ~y of the projection T*Q x R — @ x R is such
that v(Q x R) is a coisotropic submanifold of (T*Q x R, nq), and v,(Q)
is a Legendrian submanifold of (T*Q x R,nq), for any z € R. Then, the
vector fields Ey and &), are ~y-related if and only if (63) holds.

Equation (63) is referred as a Hamilton—Jacobi equation for the evolution
vector field. A section ~ fullfilling the assumptions of the theorem and
the Hamilton-Jacobi equation will be called a solution of the

Hamilyan— lacAakhi nrabhlam fAar +he avaliitian vvartar fiald ~AF H 117 /174



An alternative approach

Now = is a section of the canonical projection 7: T*Q x R — Q, say
7:Q — T*Q x R. In local coordinates we have

CORCOEICIRTCORACD)
As in the above sections, we define the projected evolution vector field
Ey=Trno&yon.
A direct computation shows that £y oy = T~(&})) if and only if

OH OHOy OH _
g " opog | Vaz

OH [0, B

0 (64)
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If we assume that ~ :jlf, for some function f : @ — R (or,
equivalently, v(Q) is a Legendrian submanifold of (T*Q X R,7gq)), then

07
M= 5y

and so (64) is fulfilled and (64) becomes

d(Ho~)=0. (66)

Notice that f and ~, define (locally) the same 1-jet.
Therefore, we have the following.

Assume that a section -y of the projection T*Q x R — Q is such that
v(Q) is a Legendrian submanifold of (T*Q x R,ng). Then, the vector
fields Ey and &}, are ~y-related if and only if (66) holds.

Equation (66) is referred as a Hamilton—Jacobi equation for the evolution
vector field. A section ~ fullfilling the assumptions of the theorem and
the Hamilton-Jacobi equation will be called a solution of the

Hamilton—Jacobi problem for the evolution vector field of H.
119/174



Complete solutions

As in the case of the Hamiltonian vector field, we can consider complete
solutions for the evolution vector field.

Definition

A complete solution of the Hamilton—Jacobi equation for the evolution
vector field &y of a Hamiltonian H on a contact manifold (M, 7) is a
diffeomorphism ® : @ x R x R” — T*Q x R such that for any set of
parameters A = (Ao, A1, ..., A,) € R x R”, the mapping

Or:Q ~ T*QxR
(q’) = q))\(q’):q)(q’v)‘()a)‘lw"a)‘")

is a solution of the Hamilton—Jacobi equation.

(67)

For simplicity, we will use the notation (A, , « =0,1,...,n).
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As in the previous case, we define functions f, such that for a point
p € T*Q xR, it is satisfied

foa(p) = ma 0 ®7(p). (68)

where 7, : @ x R X R" — R is the canonical projection onto the « factor.
A direct computation shows that

Im &y =N"_y f 1 (Aa)

a=0"a

In other words,
|m¢>\:{x€ T*QXR|fa(X):)\a7a:0’...7n}

Therefore, since under our hypothesis, £ is tangent to any of the
submanifolds Im ®,, we deduce that

En(fa) =0
So, these functions are conserved quantities for the evolution vector field.
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Moreover, we can compute
{fa, fs} = Ndfa, dfg) — faR(f5) + f3R(fa)

But
N(dfa, dfs) = ia(dfa)(fs) = 0

since (TIm®,)+ = TImd,, so

{fo, s} = —f.R(f3) + faR(£) (69)
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There exist no linearly independent commuting set of first-integrals in
involution (68) for a complete solution of the Hamilton—Jacobi equation
for the evolution vector field.

Proof: Since the images of the sections are Legendrian then they are
integral submanifolds of ker 1g. So, the Reeb vector field R will be
transverse to them, and consequently, there is at least some index agp
such that

R(fa,) # 0

Therefore, if all the brackets {f,, f3} vanish, then we woul obtain that
the functions f, cannot be linearly independent.
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Particle with linear dissipation
Consider the Hamilltonian H

2
H(g,p.2) = 2=+ V(q) + Az, (70)
2m
where A € R is a constant. The extended phase space is T*@ x R ~ R3.

The Hamiltonian and evolution vector field are given by

pd (BV ) P B 9
Xy=—2— <+)\z>+<m Vig)=Az) o, (71)

m dq dq op 2
_ PO _(9V o pPo
En = m g <8q +)\Z> op + oz (72)

Assume that v: Q@ — T*Q x R is a section of the canonical projection
T*Q xR — @, that is,

Y(q) = (,7p(a), 72(9))- (73)
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We assume that v(Q) is a Legendrian submanifold of T*Q x R; then,

0z
7plq) = ) 74
(@)= 5 (74)
and &y and &), are v-related if and only if
Ho~ =k, (75)
for a constant kK € R. Then, the HamiltonJacobi equation becomes
2
H((a)) = 52 + V(a) + Mz = k, (76)
or, equivalently,
2
07z
<6") +V(q)+ Mz =k (77)
om q Vz )

which is a linear ordinary differential equation.
A general solution of the HamiltonJacobi equation (77) is then

75(q) = exp(—2mAq) /(2mk —2mV/(q)) exp(2mAq)dq. (78)
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6: Applications to thermodynamics
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Consider a simple thermodynamic system, for instance, gas in a confined
compartment with volume V and pressure P ta temperature T.

The state properties of the gas are described by a 2-dimensional
submanifold of the thermodynamic phase space, R%, with coordinates:

o E energy

@ S entropy
e V,P,and T

This submanifold is a Legendre submanifold of the contact manifold
(R, n), where

n=dE — TdS + PdV
Here, E = E(S, V) and the equations of the Legendre submanifold are

OE oE
T=%s F=%v
E,S,V are called extensive variables

T, P are called intensive variables
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Applications to thermodynamics

A.A. Simoes, D. Martin de Diego, M. de Leén, M. Lainz-Valcéazar:
Contact geometry for simple thermodynamical systems with friction.
Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Sciences 476 2241 (2020) doi.org/10.1098/rspa.2020.0244.

A.A. Simoes, D. Martin de Diego, M. de Ledn, M. Lainz-Valcazar: The
geometry of some thermodynamic systems. arXiv preprint
arXiv:2012.07404 (to appear in an Springer book, 2021).
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In this second part, we will introduce a differential geometric framework
that incorporates in a very natural way fundamental thermodynamical
concepts as the free energy and the rate of entropy production.
Typically, in the previous literature, this description needs to introduce
appropriate Poisson and dissipation brackets with combined properties
that allows the two laws of thermodynamics to be satisfied.

One of the most successful methods are based on the introduction of
metriplectic structures:

Allan N. Kaufman. Dissipative Hamiltonian systems: a unifying principle.
Phys. Lett. A, 100(8):419-422, 1984.

Philip J. Morrison. A paradigm for joined Hamiltonian and dissipative
systems. volume 18, pages 410-419. 1986. Solitons and coherent
structures (Santa Barbara, Calif., 1985).

coupling a Poisson and a gradient structure, where the entropy S is now
constructed from a Casimir function of the Poisson structure.
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Other approaches like in

B. J. Edwards and A. N. Beris. Noncanonical Poisson bracket for
nonlinear elasticity with extensions to viscoelasticity. J. Phys. A,
24(11):2461-2480, 1991.
B. J. Edwards and A. N. Beris. Noncanonical Poisson bracket for
nonlinear elasticity with extensions to viscoelasticity. J. Phys. A,
24(11):2461-2480, 1991.

use similar techniques, called single generation formalism introducing a
generalized bracket which is naturally divided into two parts: a
non-canonical Poisson bracket and a new dissipation bracket.

The derived structures are capable of reproducing both reversible and
irreversible evolutions providing a unifying formalism for many systems
ruled by the laws of thermodynamics.

These approaches have proved to be very useful for the description of
complex thermodynamical systems and also facilitate their numerical
integration.
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Recently, Gay-Balmaz and Yoshimura

F. Gay-Balmaz and H. Yoshimura. A Lagrangian variational formulation
for nonequilibrium thermodynamics. Part I: Discrete systems. Journal of
Geometry and Physics, 111:169-193, January 2017.

F. Gay-Balmaz and H. Yoshimura. From Lagrangian Mechanics to
Nonequilibrium Thermodynamics: A Variational Perspective. Entropy,
21(1):8, January 2019.

have introduced a variational principle for the description of
thermodynamical systems.

Their formulation extends the Hamilton principle of classical mechanics
to include irreversible processes by introducing additional
phenomenological and variational constraints.
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A more geometrical approach is based on the use of contact geometry;
indeed, the thermodynamical phase space is equipped with a contact
structure:

@ Using the contact structure, it is possible to associate to each function f,
a Hamiltonian vector field X¢ which is the infinitesimal generator of a
contact transformation.

@ In this framework, the manifold of equilibrium states is represented by a
Legendre submanifold N and the Hamiltonian vector field X is tangent
to N if and only if the function f vanishes on N, that is, the Legendre
submanifold is contained on the zero level set of the Hamiltonian
function.

@ The flow of X; restricted to the Legendrian submanifold is interpreted as
thermodynamical processes.

R. Mrugala, J. D. Nulton, J. Ch. Schon, and P. Salamon. Contact
structure in thermodynamic theory. Reports on Mathematical Physics,
29(1):109-121, February 1991.

R. Mrugala. Continuous contact transformations in thermodynamics. In
Proceedings of the XXV Symposium on Mathematical Physics (Torun,
1992), vol. 33, pages 149-154, 1993.
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Another approach to the dynamics of thermodynamical processes is the
one used in

R. Balian and P. Valentin. Hamiltonian structure of thermodynamics
with gauge. The European Physical Journal B-Condensed Matter and
Complex Systems, 21(2):269-282, 2001.

A. Van der Schaft and B. Maschke. Geometry of thermodynamic
processes. Entropy, 20(12):925, 2018.

which is based on homogeneous symplectic Hamiltonian systems, and is
completely equivalent to the contact Hamiltonian vector field approach.

A recent paper is

Arjan van der Schaft: Liouville geometry of classical thermodynamics.
arXiv:2102.05493
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Contact geometry and contact dynamics

We will consider some ingredients of contact geometry that we will need
in the sequel.
Let M be a differentiable manifold of dimension 2n+ 1 and a 1-form 7
on M. We say that 7 is a contact 1-form if n A (dn)" # 0 at every point.
Then, we call (M,n) a contact manifold. A distinguished vector field for
a contact manifold is the Reeb vector field R € X(M) univocally
characterized by

irm=1 and irdn=0.

We can define also an isomorphism of C*°(M,R) modules by

b (M) — QY(M)
X — ixdn+n(X)n

Observe that b=1(1) = R.
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Using the generalized Darboux theorem, we have canonical coordinates
(q',pi,S), 1 < i < nin a neighborhooh of every point x € M, such that
the contact 1-form 7 and the Reeb vector field are:

; 0
n=4dS — p; dq and R_as.
Define the bi-vector A on M by
Na, B) = —dn(b=(a),b~(B)), o, B € QM) . (79)

In canonical coordinates,

P P P
N om (661" +pi35> (80)

Define the C°°(M, R)-linear mapping

fa : QY M) = X(M)

by (8,2r(e)) = (e, B) with o, B € Q(M).
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Given a function f € C*°(M,R) we will define the following vector fields
o Hamiltonian or contact vector field X; defined by
Xr = fa(df) — R
or in other terms, Xr is the unique vector field such that

b(Xf) =df — (R(f)+1f)n.
In canonical coordinates:
X_8f8_8f+.g 8+ _g_fi
= opag  \oqg ' Pas) ap " \Pop; s

@ The evolution or horizontal vector field
Er = ﬁ/\(df) =X+ R

or

b(Ef) =df —R(F)n .
In canonical coordinates:

_Of 9 (of , Of\ 9 . Of &
T opog \og  Pos)op TPop a5

Er
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@ We will see that the evolution vector field will be useful to describe some
simple isolated thermodynamical systems with friction, where the variable
S will play the role of the entropy of the system.

@ The interpretation of the variable S as being the entropy of the system
excludes the possibility of using cosymplectic geometry to describe
thermodynamical systems. Indeed, if the thermodynamical equations were
the integral curves of the cosymplectic Hamiltonian vector field, then the
entropy production would be constant, which is not the general situation.
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Jacobi and Cartan brackets

The pair (A, E = —R) is a particular case of Jacobi structure since it
satisfies
MA]=2EAN and [AE]=0.

From this Jacobi structure we can define the Jacobi bracket as follows:
{f.g} = \(df,dg) + fE(g) — gE(f), f,g € C(M,R)

The mapping {, } : C>°(M,R) x C*(M,R) — C>°(M,R) is bilinear,
skew-symmetric and satisfies the Jacobi‘s identity but, in general, it does
not satisfy the Leibniz rule; this last property is replaced by a weaker
condition:

Supp {f,g} C Supp f N Supp g .

In this sense, this bracket generalizes the well-known Poisson brackets.
Indeed, a Poisson manifold is a particular case of Jacobi manifold.
In local coordinates

_ O0f0g Of 0g Of ([ Og .\, %8 ﬁ
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It is also interesting for us to introduce the Cartan bracket (that does not
obey the Jacobi identity)

[f.g] = NA(df,dg)
_ 0f0g 0fdg Of( Og), 0g( of
a ' P o s \" op;
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Our main example of contact manifold along this talk will be T*Q x R,
where Q is n-dimensional manifold, with contact structure defined by

ne = pr; (dS) — pr{(0q) = dS — tq
where pri : T*"Q xR — T*Q and pr, : T*Q x R — R are the canonical

projections and ¢ is the Liouville 1-form on the cotangent bundle
defined by

nQ(Xﬂq) = <,u'q7 T;U'q/]TQX;U'q>

being X, € T,, T*Q. Taking bundle coordinates (q',pi) on T*Q we
have that g = dS — p;dq’.
On such a manifold we can define the bi-vector

No =N+ E8a(dS)AR
which is Poisson, that is [Ag, Ag] = 0. In coordinates,
0 A 0
- Op 0q
is like the canonical Poisson bracket on T*@Q but now applied to
functions on T*Q x R.

No
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Observe that in this case the Cartan bracket can be rewritten in terms of
the Poisson bracket induced by Ag and an extra term that describe the
thermodynamical behaviour. That is,

of og
f,g]l =A{f - —A —=Af
[ 7g] { vg}/\o S g+ S
where A = —f5(dS) is the Liouville vector field:
0
A=p—
P Ipi
We will denote by
og of
f = =ZAf - —=A
{f.gla = 3¢ 5508
Then, the Cartan bracket is written as in the single generation formalism

as
[f,g] = {fvg}/\o + {fvg}A (81)
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Now, we will discuss some interesting properties of the qualitative
behaviour of the evolution vector field &r.

Proposition The Lie derivative of the contact form 1 with respect to the
evolution vector field £ associated to the Hamiltonian function f
satisfies the following relation

Lem=—R(f)n+df .

Proof:
The proof is a trivial consequence of the properties of the Lie derivative
and the properties of the Hamiltonian vector field:

Len = Lx4mn=Lx.n+ Lrn
= —R(f)n+ (ign)df = —R(f)n + df
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Theorem Let £ (f) = f~1(c) be a level set of f : M — R where c € R.
We assume that L(f) # ) and R(f)(x) # 0 for all x € L(f). Then

Q@ The 2-form w, € Q3(L.(f)) defined by
we = —din

is an exact symplectic structure. Here i. : L.f — M denotes the
canonical inclusion

@ If A, is the Liouville vector field, that is,
inWwe =IiXn
then the restriction of & to L.(f) verifies that

5f|cc(f) = R(f)|cc(f)AC
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Proof:

The form w, is trivially closed. To see that it is a symplectic form, we
just need to check that is non degenerate. Let p € L(f). Notice that, at
that point, we = —dn|1,£.(r). By the condition R(f) # 0, we have that
R, (and, hence kern = span (R)) is transverse to T,L.(f). But since

np A dny # O,then dn|y is non-degenerate for every subspace V
transverse to kern. Therefore, w, is also non-degenerated.

For the second part, we first remark that & (f) = 0, hence

(ic) . = Eflr.(r) is a well-defined vector field. By the above Proposition
and Cartan’s identity

ie,dn = —R(f)n + df.
Pulling back by i., we get
(i), &ricdn = —(R(f) o ic)itn + dif f = —(R(f) o ic)ifn,
dividing by —(R(f) o ic),
~li), &¢/R(F) e AN = [(ic) £ /R()We = I .

Thus, (ic), (¢/R(f)) = Ac, as we wanted to show,
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...,

@ Observe that since

€l .5 = R(O) )P

then, the dynamics on each energy level is like a Liouville dynamics after
a time reparametrization

@ It is interesting to note that T*@Q x R is also the phase space for
time-dependent dynamics. In this case, the appropriate formalism is the
cosymplectic formalism where the canonical cosymplectic structure is
given by (dt,wq)
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A. Bravetti, M. de Ledn, J. C. Marrero, E. Padrdn: Invariant measures
for contact Hamiltonian systems: symplectic sandwiches with contact
bread. J. Phys. A 53 (2020), no. 45, 455205, 24 pp.

@ We prove that, under some natural conditions, Hamiltonian systems on a
contact manifold C can be split into a Reeb dynamics on an open subset
of C and a Liouville dynamics on a submanifold of C of codimension 1.

@ For the Reeb dynamics we find an invariant measure.

@ Moreover, we show that, under certain completeness conditions, the
existence of an invariant measure for the Liouville dynamics can be
characterized using the notion of a symplectic sandwich with contact
bread.
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Simple thermodynamical systems

We will use the evolution vector field to describe simple thermodynamical
systems, that is, thermodynamical systems whose configuration space is
composed by just one scalar thermal variable (in our case the entropy)
and a finite set of mechanical variables (position and momenta). We will
assume that the system is isolated, that is, there is not any transfer of
work, matter or heat.

The isolated simple thermodynamical systems are described by a
Lagrangian function:

L: TQxR — R
(vg:5) +— L(vg,5)

where Q is the configuration manifold describing the mechanical part of
the thermodynamical system, TQ is the tangent bundle with canonical
projection g : TQ — Q given by 7¢(v4) = g. The entropy of the system
is described by the real variable S € R. If we consider coordinates (g') on
Q and induced coordinates (q', ¢') on TQ, then 7¢(q',d") = (q").

We will see that the Lagrangian function itself will produce a friction

force satisfying naturally the two laws of thermodynamics.
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We will assume that the Lagrangian system is regular, that is, the matrix

is regular or, equivalently, the mapping FL: TQ xR — T*Q xR is a
local diffeomorphism, where:

i i oL
FL(q",q",S) = (q’aq"’s)
is the Legendre transform. For simplicity, we will assume that the
Legendre transform is a global diffeomorphism, since if it was only a local
diffeomorphism we could proceed analogously by restricting to a
neighbourhood. Then, we may define a Hamiltonian function
H: T*Q xR — R given by

H(qiapia S) = pidi - L(qia qia S)

where now the coordinates ¢’ are implicitly defined by the relations
pPj = %(qla qla S)
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The equations of motion defined by the evolution vector field £y are

dq’ _ OH

dt 3p,-7

do;  OH  OH
& ~ op oS
ds  0OH

dar piaip;'

The vector field £y satisfies the following two properties that correspond
to the first and second laws of thermodynamics: conservation of the
energy of an isolated system and irreversibility of the processes, that is,
non-decreasing entropy production.

Proposition The integral curves of £y satisfies the following properties:

Q &u(H) =0, thatis, ¢ =0;

@ £4(S) = A(H), that is, % = AH.

Proof Both are a direct consequence of the definition of the evolution
vector field &y = fa(dH).
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Assume that the Hamiltonian H is given by

. 1 .

H(d', pi.S) = 58" pip; + V(4. 5) (82)
where (g¥) is positive semi-definite (for instance, it is associated to a
Riemannian metric on Q). Then, the vector field £y describes an isolated
simple thermodynamical system with friction satisfying the first and
second laws of thermodynamics:

Proposition The integral curves of £y satisfies the following properties:
@ First law of Thermodynamics:

dH
P 0 (preservation of the total energy);
@ Second law of Thermodynamics:

T AH >0 (total entropy of an isolated system never decreases).

Proof It is a direct consequence of the above Proposition and
AH = pig'p; > 0.
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If we express the dynamics in terms of the brackets defined in (81) we
have that _
f={f,Hyr-q+1{f, H}a. (83)

Obviously,

{H,H}7-q = {H, H}a = 0 (first law)

and

{S,H}r+@ =0and {S,H}a = AH > 0 (second law).

Observe that in Equation (83) both brackets are using the function H as
“generator”. This is the reason that typically this formalism is known as
single generator formalism.
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Linearly damped systems

Consider a linearly damped system described by coordinates (g, p, S),
where g represents the position, p the momentum of the particle and S is
the entropy of the surrounding thermal bath. We assume that the system
is subjected to a viscous friction force, proportional to the minus velocity
of the particle. The system is described by the Hamiltonian

p?

H(g.p,5) = 5+ V(g) +75, ~7>0.
Therefore, the equations of motion for &y = fa(dH) are:
q 0 1 0 V'(q)
pl=(-10 —p p/m
S 0O p O ~
or
P
g = =2
m
p = —V'(g)—p
s - 2
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In the Lagrangian side we obtain the system given by

mg = —V'(q)—ymg
S = md.

Observe that in this system the friction force is given by the map
Fr: TQ — T*Q given by

Fi(q.q) =~d'dq’.

Therefore, the equation of entropy production can be rewritten in terms
of the friction force as follows

TS = *<Ffr(q7 q)7 q>
OH __ oL

where T = ¢ = — 5= =7 > 0 represents the temperature of the
thermal bath. These equations coincide with the set of equations
proposed by Gay-Balmaz and Yoshimura for this particular choice of
Lagrangian L and friction force Fg. Observe that, in this particular
example where the temperature satisfies T = ~, the equations are only
defined for values v > 0 and thus we are only modelling thermodynamical

systems with non-zero temperature.
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Observe that the two brackets are:

g 08 dgor
&I = Opdqg OpOq
0g Of  Of Og

{f.gla = Pasap  Pas op

In particular
pog Jg. ,
H = == _—2vy
{H. g}t mdq  Op (q)
2
_ Pog_ 08
{Hela = 3¢ twr
and

En(g) =& ={H.gir +{H g}a
Therefore it is clear that {H, H}r, = 0 and {H,H}a =0 (by

2

skew-symmetry) and {H, S}, =0 and {H,S}a = 2 > 0.
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Composed thermodynamical systems without friction

We will present a model for systems composed of at least two subsystems
exchanging heat with each other.

Consider two thermodynamic systems indexed by 1 and 2 which may
interact through a conducting wall. On each system we have defined the
corresponding Hamiltonian:

H:T"QxR—R, 1<i<2

where (q;, pi, S;) are coordinates on T*Q; x R, i = 1,2, and S; are the
entropies of each subsystem.
Consider the total energy H : T*(Q1 X @) x R? — R defined by

H(q1, p1, G2, P2, S1, 52) = Hi(q1, p1, S1) + Hi(q1, p1, S1)
and the symplectic 2-form on T*(Q; x Q) x R?
Qo x QxR = W@, +wgq, + dS1 A dS;

Denote by Ag, x@,xRr the corresponding Poisson tensor.
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Assume that both subsystems exchange heat according to Fourier Law:
=k(T,— Ty)

where T; is the absolute temperature of subsystem /, 1 < /i <2 and k is
the coefficient of thermal conductivity. We have that T; = % > 0.

Consider the function K : T*(@; x Q) x RZ - R

1 1 1 1
K=k = — = _k<)
oH oH
(asl ds> noT
which will be called Fourier factor. Define the Hamiltonian vector field of
K by

Xk = Ng,x@,xr (-, dK)  or alternatively  ix, Q0,x0,xr = dK .

Define the two-tensor (with Fourier factor K) denoted by Ak, which is
associated in the canonical way with the 2-form

Q = we, +twe, + KdS; A dS,

Observe that now Qk is no longer a symplectic form and so Ak is a
skew-symmetric Poisson structure. In other words, Ak is a

skew-symmetric tensor.
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The matrix representation of Ak is:

O /n1><n1 0 O O 0
~xm O 0 0 0 0

0 0 0 I 0 0

0 0 —lpywm O 0 0

0 0 0 0 0 k (% - %)

0 0 0 o k(£-%) 0

where dim Q; = n;, i = 1,2.
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The corresponding evolution vector field £y k:
En.k = tnc(dH) (84)

The integral curves of £y k are:

L _oH oM
Ch—apl q2_8p2
oOH OH
__J - 85
p1 o0 p2 90 (85)
2y e
S=KE -1 S=Kz-1)

Observe that the total entropy S = S; + S, satisfies

S = gH,K(Sl + 52)
_ oy L
= k(?1 1) + k( T 1)
T2
_ =)

1T, —
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Moreover, in absence of external forces, the total energy H is conserved
since by skew-symmetry of Ak we have that

Enk(H)=0.

Thus, we have shown that:

Proposition

Given a Hamiltonian function H, the evolution vector field Ey k in the
skew-symmetric manifold (T*(Q x Q x IR), Ak), which encodes the
dynamics of composed thermodynamical systems exchanging heat with
each other, satisfies the first and second laws of Thermodynamics.
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[Emee )

The toy model for this case is the two free thermo-particles example,
composed by two particles of equal mass such that the system is
modelled by the Hamiltonian function

1
H(q1, p1, S1, G2, p2, $2) = %(Pf +p3)+ 1S+ TS,
where m is the mass of both particles and Ty, T, are the temperatures of
each particle.
A physical example is the two thermo-spring system, where the system is
modelled by the Hamiltonian function

1
H(q1, p1, 51, G2, P2, S2) = ﬂ(Pf +p3) + V(qi, q2) + T1S1 + T2Ss,

where V is the potential energy associated to the interplay between both
springs, m is the mass of both springs and Ty, T, are the temperatures
of each spring.
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Other topics in contact Hamiltonian dynamics

In the next slides | will indicate some of the research topics we have been
working on in recent years. | will indicate only the topic, a very brief
description and the references where you can find more details.
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Infinitesimal symmetries and dissipate quantities

M. de Ledn, M. Lainz-Valcazar: Infinitesimal symmetries in contact
Hamiltonian systems. J. Geom. Phys. 153 (2020), 103651, 13 pp

M. de Ledn, M. Lainz-Valcazar, A. Lépez-Gordon: Symmetries, constants
of the motion, and reduction of mechanical systems with external forces.
J. Math. Phys. 62 (2021), no. 4, 042901, 16 pp.

In the first paper, we extend the well-known Noether theorem for
Lagrangian systems to contact Lagrangian systems. Moreover, we
introduce a classification of infinitesimal symmetries and obtain the
corresponding dissipated quantities. We notice that in contact dynamics,
the existence of infinitesimal symmetries does not produce conserved
quantities, but functions that dissipate at the same rate than the energy;
so, the corresponding quotients are true conserved quantities. The case
of contact reduction by a Lie group of symmetries is also discussed.

In the second paper we consider symmetries for non-conservative
systems, including Rayleigh dissipation.
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Contact nonholonomic mechanical systems

M. de Leén, V.M. Jiménez, M. Lainz-Valcdzar: Contact Hamiltonian and
Lagrangian systems with nonholonomic constraints. Journal of Geometric
Mechanics (2021) doi: 10.3934/jgm.2021001.

@ In this article we develop a theory of contact systems with nonholonomic
constraints.

@ We obtain the dynamics from Herglotzs variational principle, by
restricting the variations so that they satisfy the nonholonomic
constraints.

@ We prove that the nonholonomic dynamics can be obtained as a
projection of the unconstrained Hamiltonian vector field.

@ Finally, we construct the nonholonomic bracket, which is an almost
Jacobi bracket on the space of observables and provides the
nonholonomic dynamics.
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Singular contact Lagrangian systems

M. de Ledn, M. Lainz-Valcazar: Singular Lagrangians and precontact
Hamiltonian systems. Int. J. Geom. Methods Mod. Phys. 16 (2019),
no. 10, 1950158, 39 pp.

@ In the first paper we discuss singular Lagrangian systems on the
framework of contact geometry. These systems exhibit a dissipative
behavior in contrast with the symplectic scenario.

@ We develop a constraint algorithm similar to the presymplectic
onestudied by Gotay and Nester (the geometrization of the well-known
Dirac-Bergman algorithm).

@ We also construct the Hamiltonian counterpart and prove the equivalence
with the Lagrangian side.

@ A Dirac-Jacobi bracket is constructed similar to the Dirac bracket.
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Contact discrete dynamics

A.A. Simoes, D. Martin de Diego, M. de Leén, M. Lainz-Valcdzar: On
the geometry of discrete contact mechanics. Journal of Nonlinear
Sciencer 31 (2021), no. 3, Paper No. 53.

@ We introduce a discrete Herglotz Principle and the corresponding discrete
Herglotz Equations for a discrete Lagrangian in the contact setting. This
allows us to develop convenient numerical integrators for contact
Lagrangian systems that are conformally contact by construction.

@ The existence of an exact Lagrangian function is also discussed.
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Uniform formalism

M. de Ledn, J. Gaset, M. Lainz-Valcazar, X. Rivas, N. Roman-Roy:
Unified Lagrangian-Hamiltonian formalism for contact systems. Fortschr.
Phys. 68 (2020), no. 8, 2000045, 12 pp.

@ We develop a unified geometric framework for describing both the
Lagrangian and Hamiltonian formalisms of contact autonomous
mechanical systems, which is based on the approach of the pionnering
work of R. Skinner and R. Rusk.

@ This framework permits to skip the second order differential equation
problem, which is obtained as a part of the constraint algorithm (for
singular or regular Lagrangians), and is specially useful to describe
singular Lagrangian systems.

@ Some examples are also discussed to illustrate the method.
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Contact Optimal Control Theory

M. de Ledn, M. Lainz-Valcdzar, M.C. Mufioz-Lecanda: Optimal control,
contact dynamics and Herglotz variational problem arXiv preprint
arXiv:2006.14326 (2020)

@ We combine two main topics in mechanics and optimal control theory:
contact Hamiltonian systems and Pontryagin Maximum Principle.

@ As an important result, a contact Pontryagin Maximum Principle that
permits to deal with optimal control problems with dissipation is
developed.

@ Also, the Herglotz optimal control problem is stated, in such a way that
generalizes simultaneously the Herglotz variational principle and an
optimal control problem.

@ Some applications to the study of a thermodynamic system are provided.
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Existence of invariant measures

A. Bravetti, M. de Ledn, J.C. Marrero, E. Padrén: Invariant measures for
contact Hamiltonian systems: symplectic sandwiches with contact bread
Journal of Physics A: Mathematical and Theoretical 53 (45), (2020)
455205.

An important topic in dynamical systems is the existence of invariant
measures. We prove that, under some natural conditions, Hamiltonian
systems on a contact manifold C can be split into a Reeb dynamics on
an open subset of C and a Liouville dynamics on a submanifold of C of
codimension 1.

Thus, an invariant measure is obianed for the Reeb dynamics, and
moreover, a under certain completeness conditions, the existence of an
invariant measure for the Liouville dynamics can be characterized using
the notion of a symplectic sandwich with contact bread developed in this
paper.
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Contact higher order mechanics

M. de Ledn, J. Gaset, M Lainz-Valcdzar, M.C. Mufoz-Lecanda, N.
Roman-Roy: Higher-order contact mechanics. Annals of Physics 425
168396 (2021)

@ We present a complete theory of higher-order autonomous contact
mechanics, which allows us to describe higher-order dynamical systems
with dissipation.

@ The essential tools for the theory are the extended higher-order tangent
bundles, T¥Q x R, and its canonical geometric structures. This allow us
to state the Lagrangian and Hamiltonian formalisms for these kinds of
systems, as well as their variational formulation.

@ In that paper, a unified description that encompasses the Lagrangian and
Hamiltonian equations as well as their relationship through the Legendre
map; all of them are obtained from the contact dynamical equations and
the constraint algorithm that is implemented because, in this formalism,
the dynamical systems are always singular.

@ The theory is applied to some interesting examples. 169 /174



Inverse problem for contact Lagrangian mechanics

M. de Ledn, J. Gaset, M. Lainz-Valcarzal: Inverse problem and equivalent
contact systems. Preprint, 2021.

© A relevant problem in mechanics is the so-called inverse problem: Given a
second-order differential equation £ on TQ, when there exists a
Lagrangian L such that £ is the Euler-Lagrange vector field for L?

@ This problem has been investigatd by decades (the Helmholtz conditions
have been interpreted geometrically using the geometry of tangent
bundles).

© Our research is focused on a similar problem for contact Lagrangian
systems.
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Classification of contact Lagrangians

M. de Ledn, |. Guti, M. Lainz-Valcarzal: Classification of contact
Lagrangian systems.

@ The classification of Lagrangian systems has been studied by several
authors in the autonomous and non—autonomous cases, in relation with
the regularization problem.

@ In this ongoing paper we discuss similar problems for contact Lagrangian
systems.
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Vakonomic contact systems

M. de Ledn, M Lainz-Valcazar, M.C. Mufioz-Lecanda: The Herglotz
principle and vakonomic dynamics. (To appear in Springer, 2021).

M. de Ledn, M Lainz-Valcazar, M.C. Mufoz-Lecanda, N. Roman-Roy:
Constrained Lagrangian dissipative contact dynamic. (In preparation).

@ Nonholonomic and vakonomic dynamics obey to different principles.
These two different approaches and their relations have been widely
discussed in the last two decades.

© Nonholonomic equations are related with mechanical systems subjected to
constraints whilw vakonomic dynamics are related with control problems.

© In the above papers we have started the discussion in the contact case.

172 /174



Tulczyjew triples in contact dynamics

O. Esen, M. de Ledn, M Lainz-Valcazar, J.C. Marrero: Tulczyjew triples
in contact dynamics. (Preprint 2021).

@ The construction of Tulczyjew triples (named after their creator, W.M.
Tulczyjew) provides a global view of the Lagrangian and Hamiltonian
dynamics as subvarieties of the so-called special symplectic varieties.

@ In this paper we develop the corresponding theory in the contact case,
where Lagrangian submanifols are replaced by Legendrian submanifolds
of special contact manifolds.
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